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Introduction

Mathematical Finance is the mathematical theory of financial markets.
It tries to develop theoretical models, that can be used by “practition-
ers” to evaluate certain data from “real” financial markets. A model
cannot be “right” or wrong, it can only be good or bad ( for practical use
). Even “bad” models can be “good” for theoretical insight.

Content of the lecture :

Introduction to continuous time financial market models. I

We will give precise mathematical definitions, what we do understand

under a financial market, until this let us think of a financial market as

some place where people can buy or sell financial derivatives. |

During the lecture we will give various examples for financial deriva-

tives. The following definition has been taken from [Hull] :
A financial derivative is a financial contract, whose value at expire is
determined by the prices of the underlying financial assets ( here we

mean Stocks and Bonds ).

We will treat options, futures, forwards, bonds etc. It is not necessary

to have financial background.



During the course we will work with methods from

Probability theory, Stochastic Analysis and Partial Differ-
ential Equations.

The Stochastic Analysis and Partial Differential Equations methods
are part of the course, the Probability Theory methods should be known
from courses like Probability Theory and Prama Stochastik.



Chapter 1

Stochastic Processes in
Continuous Time

Given the present, the price S; of a certain stock at some future time ¢
is not known. We cannot look into the future. Hence we consider this
price as a random variable. In fact we have a whole family of random
variables S;, for every future time t. Let’s assume, that the random
variables S, are defined on a complete probability space (€2, 7, P), now
it is time 0, 0 < ¢ < oo and the o-algebra F contains all possible infor-
mation. Choosing sub o-algebras F; C F containing all the information
up to time ¢, it is natural to assume that S; is F; measurable, that is
the stock price S; at time ¢ only depends on the past, not on the future.
We say that (S5)cj0,) is F; adapted and that S, is a stochastic pro-
cess. Throughout this chapter we assume that (2, 7, P) is a complete
probability space. If X is a topological space, then we think of X as a
measurable space with its associated Borel o-algebra which we denote
as B(X).

1.1 Filtrations and Stochastic Processes

Let us denote with I any subset of R.

Definition 1.1.1. A family (F;)c; of sub o-algebras of F such that F, C
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F; whenever s < t is called a filtration of F.

Definition 1.1.2. A family (X, F;)c; consisting of F,-measurable R"-
valued random variables X, on (), F,P) and a Filtration (F;)c; is called

an n-dimensional stochastic process.

The case where I = N corresponds to stochastic processes in discrete
time ( see Probability Theory, chapter 19 ). Since this section is devoted
to stochastic processes in continuous time, from now on we think of
as a connected subinterval of R.

Often we just speak of the stochastic process X, if the reference to the
filtration (F;).c; is clear. Also we say that (X;)c; is (F;)er adapted. If
no filtration is given, we mean the stochastic process (X;, F;);c; where

Fi=F=0(XJsel,0<s<t)
is the o-algebra generated by the random variables X up to time ¢.

Given a stochastic process (X, F;)ic;, We can consider it as function
of two variables

X:QxI->R", (w,t) — Xy(w).

On © x I we have the product c-algebra F ® B(/) and for
I ={sells <t} (1.1)

we have the product o-algebras F; ® B([;).

Definition 1.1.3. The stochastic process (X, Fi)icr is called measur-
able if the associated map X : Qx I — R"™ from (1.1) is (FQB(I))/B(R")
measurable. It is called progressively measurable, if for all t € I the
restriction of X to Q2 x I is (F; @ B(I;)/B(R™) measurable.

In this course we will only consider measurable processes. So from

now on, if we speak of a stochastic process, we mean a measurable
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stochastic process.

Working with stochastic processes the following space is of fundamen-

tal importance :

Map(I,R") ={w: 1 —-R"} (1.2)

i.e. the maps from / to R". For any ¢t € I we have the so called evalua-

tion map

Definition 1.1.4. The o-algebra on (R™)!

Oy = o(evg|s € )

generated by the evaluation maps is called the o-algebra of Borel
cylinder sets.

Fi = Oey=o0(evg|s € I,5 <t)

defines a filtration of o.,. Whenever we consider (R")! as a measur-
able space, we consider it together with this o-algebra and this filtra-

tion.

The space (R")! has some important subspaces :

C(I,R") := {w:I — R"| wis continuous } (1.3)
Ci(I,R") := {w:I — R"| wisright-continuous } (1.4)

{w: I — R"| wis left-continuous }  (1.5)




Always, we consider these spaces as measurable spaces together
with the associated o-algebras of Borel cylinder sets and their fil-
tration. These are defined as the corresponding restrictions of the o-

algebras from Definition 1.1.4. to these spaces.

In addition to (1.1) we can also consider the stochastic process (X;, F;)cr

as a map

X:0—- R, we (t— X (w)). (1.6)

Exercise 1.1.1. Show the map in (1.6) is F /o, measurable.

Definition 1.1.5. The stochastic process (X, Fi)ic; has continuous
paths if Im(X) C C(I,R"), where Im(X) denotes the image of X. In
this case, we often just say X is continuous. We say X has contin-
uous paths almost surely if P{w € Q|X(w) € C(I,R")} = 1. X is
called right-continuous if Im(X) C C(I,R") and in the same way as
before has right-continuous paths almost surely if P{w € Q| X (w) €
Cye(I,R")} =1

Via the map (1.6) under consideration of Exercise 1.1.1 the proba-
bility measure P on (Q, F) induces a probability measure PX on (R")’
which is also called distribution of X.

Definition 1.1.6. Let (X}, F})icr i = 1,2 be two stochastic processes
defined on two not necessarily identical probability spaces (2, F' P;).
Then (X})er and (X?)c; are called equivalent if they have the same
distribution, that is PX' = P¥’. Often we write (X} )ic; ~ (X2)icr.

Clearly equivalence of stochastic processes is an equivalence rela-
tion. For a stochastic process (X;,F;);c; consider the stochastic pro-
cess (ev; )er on (R, 0., PX) given by the evaluation maps. Then
(X)ier ~ (evi¥)ier and (ev)¥)ser is called the canonical representation
of (Xy)es. If (X4, Fi)ier has continuous paths then the stochastic pro-
cess denoted by the same symbol (ev;*);c; on (C(I,RY), 0.1, P¥) is called
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the canonical continuous representation and clearly again (X;)c; ~

(evtx)tel-

Conclusion : If one is only interested in stochastic pro-
cesses up to equivalence one can always think of the underly-
ing probability space as ((R")!, o.,;, PX) or (C(I,R"Y), 0y, P¥) in
the continuous case. What characterizes the stochastic process

is the probability measure P~.

In some cases though, equivalence in the sense of Definition 1.1.6
is not strong enough. The following definitions give stricter criteria on
how to differentiate between stochastic processes.

Definition 1.1.7. Let (X;, F;)icr (Yy, Gi)ier be two stochastic processes on
the same probability space (2, F,P). Then (Y;, G;)icr is called a modifi-
cation of (X, Fi)ier if

P{uwlXi(w)=Yi(w) } =1, Vt el
(X, Fi)ier and (Y, Gy)ier are called indistinguishable, if
P{uw|Xiy(w) =Y (w)Vtel}=1.

The following two exercises are good to understand the relation-

ships between equivalence, modification and indistinguishability.

Exercise 1.1.2. Under the assumptions of Definition 1.1.7. Prove that
the following implications hold :

(X, Fi)ier and (Yy, Gy)ier indistinguishable =
(X, Fi)ier and (Yy, Gy)ier are modifications of each other =
(X4, Fy)ier and (Yi, Gy)ier are equivalent.



Give examples for the fact, that in general the inverse implication “<
“does not hold. But :

Exercise 1.1.3. If in addition to the assumptions of Definition 1.1.7
we assume that (X;, Fi)ie; and (Y, G;)ier are continuous and (Y, Gy)ier
is a modification of (X, Fi)ic1, then (X;, Fi)ier and (Y, G)ier are indis-
tinguishable. How can the last two conditions be relaxed such that the

implication still holds ¢

The last two definitions in this section concern the underlying fil-

trations.

Definition 1.1.8. A filtration (F;)c; is called right-continuous if

Fi=Fu = () F @D

sel, s>t

It is called left-continuous if

Fo=F-= |J ~. (1.8)

sel,s<t

Definition 1.1.9. Let [ = [0, T or I = [0, x0]. A filtration (F;):cr satisfies
the usual conditions if it is right continuous and F, contains all P
null-sets of F.

Exercise 1.1.4. Let I = [0, 00). Show the filtration (o.y+)ier of (C(I,R™), 0cy)
is right-continuous as well as left-continuous.

1.2 Special Classes of Stochastic Processes

There are two very important classes of stochastic processes, one is
martingales the other is Markov processes, and there is the most im-
portant ( continuous ) stochastic process Brownian motion which be-
longs to both classes and will be treated in the next section. So far,
let (X}, Fi)icr be a stochastic process defined on a complete probability
space (2, F,P).
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Definition 1.2.1. If E(|X;|) < oo ¥Vt € I then (X, F;)ics is called a

1. martingale if Vs < t we have E(X;|F;) = X

2. supermartingale if Vs < t we have E(X;|F;) < X,
3. submartingale if Vs < t we have E(X,;|F;) > X,

During the course we will see many examples of martingales as well
as sub- and supermartingales.

Exercise 1.2.1. Let (X;, F;):c;1 be a stochastic process with independent
increments, that means X, — X, is independent of F, Vu < s.Consider
the function ¢ : I — R, ¢(t) = E(X;). Give conditions for ¢ that imply
X, is a martingale or submartingale or supermartingale.

Exercise 1.2.2. Let Y be a random variable defined on a complete prob-
ability space (X2, F,P) such that E(|Y|) < oo and let (F;)icr be a filtration
of F. Define

X, =E(Y|F), Vtel.
Show (X, Fi)ier is @ martingale.

For stochastic integration a class slightly bigger than martingales
will play an important role. This class is called local martingales. To
define it, we first need to define what we mean by a stopping time :

Definition 1.2.2. A stopping time with respect to a filtration (F;)icr
is an F measurable random variable 7 : Q@ — I U {oo} such that for all
t € I we have 77'(I;) € F;. A stopping time is called finite if 7(Q) C
I. A stopping time is called bounded if there exists T* € I such that
P{w|rT(w) <T*} = 1.

The following exercises leads to many examples of stopping times.

Exercise 1.2.3. Let (X;, F;):cr be a continuous stochastic process with

11



values in R™ and let A C R" be a closed subset. Then

7:Q — R
T(w) = inf{t € I|Xi(w) € A}

is a stopping time with respect to the filtration (F;);c;.

Exercise 1.2.4. Let 1 resp.m, be stopping times on (2, F,P) with respect
to the filtrations (F;)icr resp. (Gi)ier. Let F,G, = o(Fi,Gi). Then

AT — R

(mAR)(w) = min(n(w),n(w))

is a stopping time with respect to the filtration (F.G;)ic;.

Given a stochastic process and a stopping time we can define a new
stochastic process by stopping the old one. In case the stopping time
is finite, we can define a new random variable. The definitions are as

follows :

Definition 1.2.3. Let (X;, F;)ic; be a stochastic process and T a stop-
ping time with respect to (F;)ic;. Then we define a new stochastic pro-

cess (X[ )ier with respect to the same filtration (F,)c; as

XT(w) = { Xi(w) WVt <7(w) (1.10)

Xrw(w) vVt >71(w)

Also we can define a new o-algebra :
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Definition 1.2.4. Let T be a stopping time with respect to the filtration
(Ft)tel- Then

Fr = {AcFIAnT'(I) e F,vtel} (1.14)

is called the o-algebra of events up to time 7.

This is indeed a o-algebra. The following is a generalization of The-
orem 19.3 in the Probability Theory lecture.

Theorem 1.2.1. Optional Sampling Theorem Let (X;, F;)ic; be a
right-continuous martingale and 11,7, be bounded stopping times with
respect to (F;),c;. Let us assume that 7 < 1, P-almost sure. Then

X, =E(X,,|F.). (1.16)

If (X})ier is only a submartingale ( supermartingale ) then (1.14) is
still valid with = replaced by < (> ).

Definition 1.2.5. A stochastic process (X;, F;)ics is called a local mar-
tingale if there exists an almost surely nondecreasing sequence of stop-
ping times 7,,, n € N with respect to (F;)ic; converging to oo almost sure,
such that (X", F;)ier is @ martingale for all n € N.

The class of local martingales contains the class of martingales.
This follows from the Optional Sampling theorem. We leave the de-

tails as an exercise.
Exercise 1.2.5. Show that every martingale is a local martingale.

A relation between local martingales and supermartingales is es-
tablished by the following :

Exercise 1.2.6. A local martingale (X, F;)ic; which is bounded below
is a supermartingale. Bounded below means that there exists ¢ € R such
that P{w|X;(w) > ¢, Vtel} =1
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In plain words, the martingale property means, that the process,
given the present time s has no tendency in future times ¢t > s, that is
the average over all future possible states of X; gives just the present
state X,. In difference to this, the Markov property, which will follow
in the next definition means that the process has no memory, that is
the average of X; knowing the past is the same as the average of X,

knowing the present. More precise :

Definition 1.2.6. (X, F;)c; is called a Markov process if

E(X:|Fs) = E(Xio(Xs))V0<s<t<oo (1.18)

Sometimes the Markov property (1.16) is referred to as the elemen-
tary Markov property, in contrast to the strong Markov property which
will be defined in a later section. So far, if we just say “Markov” we
mean (1.16). Markov processes will arise naturally as the solutions of
certain stochastic differential equations. Also Exercise 1.2.1 provides
examples for Markov processes.

Besides martingales and Markov processes there is another class of
processes which will occur from time to time in this text. It is the class
of simple processes. This class is not so important for its own, but is
important since its construction is simple and many other processes
can be achieved as limits of processes from this class. Because of the
simple construction, they are called simple processes.

Definition 1.2.7. An n-dimensional stochastic process (X, Fi)ico1) 18
called simple with respect to the filtration (F)icjo,r) if there exist 0 =
to<t1 <..<T,=Tandqa;:Q— R"such that oy is Fy, o;is F;,_, and

Xi(w) = ap(w) - Loy + Z ai(w) - L, 18, VEw. (1.19)
i=1

In case that in the definition above m = 0, we call (X, F;)icj01] @
constant stochastic process.
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1.3 Brownian Motion

Brownian Motion is widely considered as the most important ( continu-
ous ) stochastic process. In this section we will give a short introduction
into Brownian motion but we won’t give a proof for its existence. There
are many nice proofs available in the literature, but everyone of them
gets technical at a certain point. So as in most courses about Mathe-
matical Finance, we will keep the proof of existence for a special course
in stochastic analysis.

Definition 1.3.1. Let (W, F;):cp0,) be an R-valued continuous stochas-
tic process on (), F,IP). Then (Wi, F)icjo,o0) IS called a standard Brow-
nian motion if

1. Wy =0a.s.
2. Wy =W, ~N(0,t —s)
3. W, — W, independent of F,.

An R" valued process W, is called an n-dimensional Brownian mo-
tion with initial value x € R" if

W, = x+ (W ... ,W"), Vvt €]0,00)

where W are independent standard Brownian motions.

It is not true that given a complete probability space ({2, F,P), there
exists a standard Brownian motion or even an n-dimensional Brownian
motion on this probability space, sometimes the underlying probability
space ({2, F,P) is just too small. Nevertheless the following is true :

Proposition 1.3.1. There is a complete probability space (2, F,P) such

that there exists a standard Brownian motion (W, F;)ico,) on (22, F,P).
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This process is unique up to equivalence of stochastic processes ( see
Definition 1.1.6 )

Brownian motion can be used to build a large variety of martingales.
One more or less simple way to to do this is given by the following

exercise.

Exercise 1.3.1. Let (W, F;):cj0,00) be a standard Brownian motion, and
o € R a real number. For all t € |0, 00) define

Xt _ eO'Wt—%O'2t.
Then (X, Fi)icjo,00) 1S @ ( continuous ) martingale.

In the following we will take a closer look at the canonical contin-
uous representation (ev}")ic(o,) of any standard Brownian motion W (
see page 6 ) defined on (C([0, 00),R), 0,1, PY). The measure P" is called
the Wiener measure. Sometimes the Brownian motion IV is also called
Wiener process, hence the notation .

For ¢t > 0 consider the density functions ( also called Gaussian kernels)
of the standard normal distributions N(0,¢) defined on R as

The following proposition characterizes the Wiener measure.

Proposition 1.3.2. The Wiener measure PV on (C([0,00),R), 0., is the
unique measure which satisfies Vm € N and choices 0 < t; < ty < ... <
tm < oo and arbitrary Borel sets A; € B(R),1 <i<m

PV ({w € C(0,00),R")| w(t) € Ay, ...,w(ty) € Ap}) =

m

/ p(tl,ﬂh)d%l/ pta — t1, 20 — 961)d952---/ Pt — tim—1, Ty — Tipe1 ) ATy
A1 A2
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One proof of the existence of Brownian motion goes like this : Use
the definition in Proposition 1.3.2 to define a measure on ((R")*>*) o).
For this one needs the Daniell/Kolmogorov extension theorem ( [Karatzas/Shreve],
page 50 ). The result is a measure P" and a process on ((R")%>®) ¢, PV)
which is given by evaluation and satisfies all the conditions in Defini-
tion 1.3.1 except the continuity. Then one uses the Kolomogorov/Centsov
theorem ( [Karatzas/Shreve], page 53 ) to show that this process has a
continuous modification. This leads to a Brownian motion ;.

Exercise 1.3.2. Prove Proposition 1.3.2. Hint : Consider the joint den-
sity of (Wi, Wy, =Wy, ..., We, — W, ) of any standard Brownian motion
W and use the density transformation formula ( Theorem 11.4. in the
Probability Theory Lecture) applied on the transformation g(xy, ..., T,,) =

(%1,1’1 + T2, ...,T1 + X9 + ... + .fL'm)

1.4 Black and Scholes’ Financial Market Model

In this section we will introduce into the standard Black-Scholes model

which describes the motion of a stock price and bond. First consider the
following situation. At time ¢ = 0 you put S units of money onto your
bank account and the bank has a constant deterministic interest rate
r > 0. If after time ¢ > 0 you want your money back, the bank pays you

SO =80 e, (1.20)

Let us consider the logarithm of this

In(SY) = In(Sy) + rt. (1.21)

So far there is no random, although in reality the interest rate is far
from being constant in time and also nondeterministic. Now consider
the price S} of a stock at time ¢ > 0 and let S denote the price at time
t = 0. If we look at equation (1.19) the following approach seems to be

natural
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In(S}) = In(SL) + bt + random. (1.22)

This equation means, that in addition to the linear deterministic
trend in equation (1.19) we have some random fluctuation. This ran-
dom fluctuation depends on the time ¢, hence we think of it as a stochas-
tic process and denote it in the following with w;. Since we know the
stock price S/ at time ¢ = 0 there is no random at time ¢ = 0 hence we

can assume that

wo=0a.s . (1.23)

Furthermore we assume that w; is composed of many similar small
perturbations with no drift resulting from tiny little random events (
events in the world we cannot foresee ) all of which average to zero.
The farther we look into the future, the more of these tiny little ran-
dom events could happen, the bigger the variance of w; is. We assume
that the number of these tiny little events that can happen in the time
interval [0, ¢] is proportional to ¢. Hence by the central limit theorem

an obvious choice for w;, is

Wt ~ N(O, O'Qt).
Since the number of tiny little events which can happen between
time s and time ¢ is proportional to ¢t — s we assume
w; — wy ~ N(0,0%(t —5)),Vs <t (1.24)

Also we assume once we know the stock price S! at some time s > 0
the future development S} for ¢ > s does not depend on the stock prices
S! for u < s before s. This translates to

w; — w, is independent of w,, , Vu < s. (1.25)

By comparison of equations (1.14)-(1.16) with ( 1 - 3 ) in definition
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1.3.1 we must choose w; = oWW;, where (W, )c[o,~) is @ Brownian motion.

We get the following equation for the stock price S}

Stl — S& 3 ebtJraWt

For applications it is useful to re-scale this equation using b := b +

10?t and writing

SH= 54 e(b—30%)t+oW

The model of a financial market consisting of one bond and one stock
modeled as in equations (1.18) and (1.24) together with the appropriate
set of trading strategies is called the standard Black-Scholes model.
The valuation formula for Europeans call options in this model is called
the Black-Scholes formula and was finally awarded with the Nobel-
Prize in economics in 1997 for Merton and Scholes ( Black was already
dead at this time ).

Exercise 1.4.1. Let S, = S, - e=274W: denote the price of a stock in
the standard Black-Scholes model. Compute the expectation E(S;) and

variance var(S;).
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Chapter 2
Financial Market Theory

In this section we will introduce into the theory of financial markets.
The treatment here is as general as possible. At the end of this chap-

ter we will consider the standard Black-Scholes model and derive the
Black-Scholes formula for the valuation of an European call option.
Throughout this chapter (2, 7, P) denotes a complete probability space
and [ = [0,7] for T" > 0.

2.1 Financial Markets

In the Introduction we gave a naive definition of what we think of a
financial market is :

some place, where people can buy or sell financial

derivatives.

Hence we have to model two things. First the financial derivatives,
second the actions ( buy and sell ) of the people ( so called traders )
who take part in the financial market. The actions of the traders are

henceforth called trading strategies. Precisely :
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Definition 2.1.1. A financial market is a pair
M™" = (X, Fier, P) (2.1)

consisting of

1. an R""! valued stochastic process (X;, F;) defined on (0, F,P), such
that (F,)ic; satisfies the usual conditions and Fy = o(0,Q,P —

null-sets)

2. a set ® which consists of R™"! valued stochastic processes (¢;)icr
adapted to the same filtration (F;)c;.

The components X0, ..., X" of X, are called tradeable components,
the components X" ... X are called nontradeable. We denote the
tradeable part of X; with X" = (X?,...,X™). The elements of ® are
called trading strategies.

The interpretation of Definition 2.1.1 is as follows : We think of
the tradeable components as the evolution in time of assets which are
traded at the financial market ( for example stocks or other financial
derivatives ) and of the nontradeable components as additional ( non-
tradeable ! ) parameter, describing the market. The set ® is to be
interpreted as the set of allowed trading strategies. Sometimes ¢ € ® is
also called the portfolio process. For a trading strategy o € ® the i-th
component ¢! denotes the amount of units of the i-th financial deriva-
tive owned by the trader at time ¢. In some cases we will assume that
® carries some algebraic or topological structure, for example vector
space ( cone ), topological vector space, L?-process etc. We will spec-
ify this structure, when we really need it. The assumption on the 0-th
filtration 7, makes sure, that any F, measurable random variable on
(92, F) is constant almost sure. This describes the situation that at time
t = 0 we know completely what’s going on.

Definition 2.1.2. Let M™" = ((Xy, Fi)ie1, ) be a financial market and
let o = (¢1)ier € O be a trading strategy, then we define the correspond-

ing value process as
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Vilp) =@ XI" =) oiX). (2.2)
=0

The value process gives us the worth of our portfolio at time ¢.
In some cases it is helpful to consider the (X});c; in units of another
stochastic process (IV;, F;):cr This leads to the notion of a numeraire.

Definition 2.1.3. Consider a financial market M™" = ((X;, Fi)ier, D).
A stochastic process (Ny, Fi)icr is called a numeraire if it is strictly

positive almost sure, that is

P{w|Ni(w) >0} =1, Vtel. (2.3)

The numeraire is called a market numeraire if there exists a trad-
ing strategy ¢ € ® such that (N;)ic; and (Vi(¢))ier are indistinguishable.
Given a numeraire (N;);c; we denote with

~ X,
X, = —. (24
¢ N, (2.4)

the discounted price process and for any ¢ € ¢

Vi(p) = W]E;j). (2.5)

the discounted value process.

As an example of a market numeraire one could think of a financial
market where (V,)icjo.00) = (XP)tejo,0) given by X = €' represents a
bank account with deterministic interest rate » > 0. From now on,
we will assume that there exists a market numeraire in the market
M™" = ((Xy, Fy)ier, @) and that it is given by the component of X} ( the
last thing is not really a restriction, think about it ! ) So in our case the
component X’,? of the discounted price process is always constant equal
to 1.
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2.2 Arbitrage

In a financial market a risk free opportunity to make money is called
an arbitrage. In our setting :

Definition 2.2.1. An arbitrage in a financial market M™" = (X, Fi)ier, D)
is a trading strategy p € ® such that

V() = 0 almost sure
Vir(p) > 0 almost sure
P(Vr(p) >0) > 0

MM = ((Xy, Fi)ier, P) is called arbitrage free if there exist no ar-
bitrages in P.

Lemma 2.2.1. Let M™" = ((Xy, Fi)ier, ) be a financial market such
that ® contains all constant positive R™*'-valued processes and carries
the algebraic structure of a cone. Then M™" is arbitrage free if there is
no trading strategy o € ® which satisfies

Vole) <0 P-almost sure
Vr(p)

> (0 P-almost sure

Proof. Assume that M™" is arbitrage free and there is a trading strat-
egy ¢ € ® such that Vj(p) < 0 and Vy(p) > 0 P-almost sure. Since
Vo(p) is Fo we know that it is constant almost sure. Let ¢ denote this
constant. Then ¢ < 0 and also ¢ = XLg < 0. Using the assumption on ®

we can define a new trading strategy ¢ € ® as



It follows from the conditions on ® in Definition 2.1.1 that ¢ is again
a trading strategy, i.e. » € ®. We have Vy(9) = Vo(p) — X0 = Vo(p) —
Vo(e) = 0 almost sure and

V(@) = Vr(p) — X3

Since Vr(p) > 0, ¢ < 0 and the numeraire X9 > 0 almost sure, we
have V7 ((¢) > 0 almost sure. Hence P{V;((¢) > 0} =1 > 0 and ¢ is an
arbitrage in M. But this is a contradiction to the assumption that M
is arbitrage free, hence such a ¢ can not exist in o.

O

Ideally a financial market is arbitrage free, but sometimes this is
not the case. If arbitrages exist in a financial market, then mostly only
for a short period of time. This is because if so, there are probably peo-
ple who want to exploit the arbitrage and by exploitation of the arbi-
trage the arbitrage possibility vanishes. One can say, that the financial
market has an arbitrage free equilibrium but sometimes differs from
that equilibrium. The main implication of the no arbitrage condition
in this general setup is given by the following proposition. It is often
called the No Arbitrage Principle

Proposition 2.2.1. No Arbitrage Principle 1 Let ¢, € ® be trading
strategies in an arbitrage free financial market M™" = ((X;, Fi)ier, P)
such that Vi(p) = Vr(v) P-almost sure. If ® is a vector space and con-

tains all constant positive processes, then Vy(p) = Vo(¢) P-almost sure.

Proof. Since Vj(¢) and V() are F, measurable, they are constant al-
most sure. Let us assume V5(p) # Vo(v), then w.lo.g. Vo(¢) < Vo(v)
almost sure. Now consider the trading strategy ¢ — ¢ € ®. Then we
have Vi(p—1) = Vi(¢) =V, (¢) for all ¢ € [0, T]. In particular Vj(¢—1) < 0
and V(¢ — 1) = 0 almost sure. From Lemma 2.2.1 it follows that M™"
is not arbitrage free, which is a contradiction to the assumption that it
is arbitrage free. n
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Making more assumptions on the vector space ¢ of trading strate-
gies, one can indeed prove, that the two value processes V;(¢) and V;(¢)
are indistinguishable.

2.3 Martingale Measures

Whereas the measure P on the underlying measurable space ({2, F) is
somehow artificial and can be thought of as a subjective evaluation of
the state of the financial market ( for example from the point of view
of one distinguished trader ) martingale measures can be interpreted
as an objective evaluation of the market. Therefore martingale mea-
sures are often used to price certain financial derivatives in a way, that
no one can take advantage by trading these derivatives. In the right
setup existence of martingale measures implies nonexistence of arbi-
trage. We will use martingale measures in the next section for the
pricing of options and contingent claims.

Definition 2.3.1. A probability measure P* on (2, F,P) is called an

equivalent martingale measure for the financial market M™" =
((Xt> Ft)tela q))) l’f

1. P and P* have the same null-sets and

2. for any tradeable component X| the discounted process (X’f)te[oj]

is a local P* martingale.

We denote the set of equivalent martingale measure for M™" as

PM™™).

Condition (2.) above is the same as saying (X!") is a local P*-martingale.
The following definition seems to be very technical but in fact is quite
useful when working with many measures at the same time.

Definition 2.3.2. Let g : 0 — R be a real valued F measurable func-
tion. Then g is called universally integrable in the financial mar-
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ket M™" = ((Xy, Fi)ier, ®) if for all equivalent martingale measures
P* € P(M™™) we have

EIP* (

q]) = /\g\dP*<oo. (2.6)
Q

Often we just speak of a universally integrable function, though in
fact we mean universally integrable in the financial market M™" =
(X%, Fi)ier, ), when the context is clear.

To establish the connection between martingale measures and ar-
bitrage, we must restrict ourself to a special class of trading strategies
which is from the real world financial market point of view very nat-
ural. Let us assume that at time ¢y a trader enters a market ( only
consisting of tradeable assets ) and buys assets according to ¢;,. Then
the worth of his portfolio at time ¢, is

Vto((p) = Pty 'XtO'

Now he chooses not to change anything with his portfolio until time ¢;.
Then his portfolio at time ¢, still consists of ¢;, and hence has worth

Vi (@) = @ry - Xy, 2.7

At time t; though he chooses to rearrange his portfolio and reinvest
all the money from V; (¢) according to ¢;,. After this rearrangement
the worth of his portfolio calculates as

Vi (@) = ¢p, - Xy, (2.8)

Since he only used the money from V;, (¢) and didn’t consume any of
the money the two values from ( 2.7 ) and ( 2.8 ) must coincide. Hence
we have
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(@tl - tho) : th = 07 (29)

or equivalently after division by the numeraire

(b, — 1) - Xi, = 0. (2.10)

In the general framework of a financial market M™" trading at any
time is allowed. For this purpose consider for any ¢ € [0, 7] partitions
Z(t):0=1ty <t <..<ty="tand define

k

Z(d¢)X - Z(thi-o-l ) Xt:rl

Y p-dX = ng (X =X,

The concept above can then be generalized as follows : For any ¢ €
[0,7] and any sequence of partitions Z(t) such that lim;, .. |Z;(t)] = 0
we have

lim Yy (dp)-X =0a.s. (2.11)

l—o0

Zi1(t)

or equivalently since

‘715(90>:¥9t')2t = +Z s = X, z+1_90t Xtr)
=0
)+ Z (do)- X+ ¢-dX,
Z(t)
Vol) + lim >~ - dX = Vi(¢) as . (2.12)
Z,(t)

This motivates the following definition of a self financing trading
strategy.
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Definition 2.3.3. Let M™" = ((Xy, Fi)ie1, P) be a financial market and
© € ® a trading strategy .

1. ¢ € discalled self financing if for any t € [0,T] and any sequence
of partitions Z(t) such that lim;_., | Z(t)| = 0 we have

Vi) a.s. (2.13)

2. pis called strictly self financing if the convergence in (2.13 ) is
locally dominated by universally integrable functions. This means
that there are universally integrable functions g;, a sequence of
stopping times 7; j € N such that 7; < 741, lim;_7; = oo P-

almost sure and

D ¢ dXT| < g, (2.14)
Z1(1)

We denote the set of strictly self financing trading strategies in ® with
D,

The functions g; in ( 2.14 ) may depend on the sequence of partitions
Z(t). From the real world point of view the condition ( 2.14 ) is not so
restrictive, since first of all, there is only finitely much money in the
world at all, second there are financial ( and other ) restriction to the
behavior of each individual trader.

Proposition 2.3.1. Let ¢ € ® be a strictly self financing trading strat-
egy in a financial market M™" = ((Xi, Fi)ier, ) and P* € P(M), then
the discounted value process V,(¢) follows a local P*-martingale.
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Proof. Since the nontradeable components of (X;);co77 have no effect
on the value process we can assume that m = n, i.e. there are no
nontradeable components. Also we can assume that Vj(¢) = 0. Let
¢ € ® be strictly self financing and 7; be a sequence of stopping times
as in (2.14). Let 7/ be another sequence of stopping times as in Def-
inition 1.2.5 such that corresponding to Definition 2.3.1 the stopped
discounted price processes X7/ are P*-martingales. Let us define new
stopping times 7; = 7; A 7. Then X7 are still P*- martingales ( use the
optional sampling theorem ) and (2.14) is satisfied with 7; instead of 7.
For t € [0,T] it follows from the theorem about dominated convergence
and the strictly self financing condition that

Ep(|V;” ()]) < Ep(g;) < 00

where g¢; is as in (2.14). Now let 0 < s < ¢t < T and consider se-

quences of partitions

ZZ(S) : 0:t0<t1<...<tk{:8
Zl(S,t) TS = tké < tk{—&-l <L <ty =t

Zl(t) 0=t <t1 < ... < tk; =s< tkf—i—l-“ <ty =t

such that lim, .., |Z;(¢t)] = 0 and hence also lim; ., |Z;(s)| = 0 and
lim;_o | Zi(s,t)| = 0. From the martingale property of X" it follows that

Ep- (X,

J
i+1

~ X[|F,) =0, Vi.

Now let i > kj, then ¢; > s and we have

Ee- (g7 - (Xp),, — X3 |F) = Bee (] - Bee (X, — X77|F) |Fs) = 0.

tit1

'

=0

This implies

29



Ep-( Y @dX7|F,) =0, V1.

Z1(s,t)

On the otherside }_ - ) ¢™ dX 7 is by definition 7, measurable, hence

Bp- (Y @7dX7|F) =Y 7dX7, V1.

Z(s) Zi(s)

Since ), ;) 7 X7 =3 2(5) P dX7 +Y Zy(s0) P dX7 we conclude

Ep- (Y @7dXT|F) = 7dX7, V1.
Z(t) Z1(s)
Building the limit on both sides for | — oo it follows again from the
dominated convergence theorem and the strictly self financing condi-
tion that

Ee- (V7 (0)|Fs) = V7 ()

which shows that V7 () follows a P*-martingale for all j. By the
properties of the sequence of stopping times 7; it follows that f/t(go) fol-

lows a local P*-martingale.
L]

Though the self financing and strictly self financing condition seems
to be very natural, it is however not so easy to determine whether a
trading strategy ¢ € @ is self financing ( strictly self financing ) or
not. The following Exercise shows that in the case of simple trading

strategies this is much easier.

Exercise 2.3.1. Let M™" = ((X;,Fi)wcpor), ®) be a financial market

such that ® only consists of simple processes ( see Definition 1.2.7 ).

Show that if ¢ € ®is given as pi(w) = ag(w)-1goy+Y ey ai(W)- 1 41, VE,w
and a partition 0 =ty < t; < ... < t,, =T, then @ is strictly self financing

if and only if
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(ati+l - ati) : X::H

=0V,
To use the strictly self financing condition effectively, we have to

introduce more notation.

Definition 2.3.4. Let M"™" = ((X;, Fi)icr, P) be a financial market. A
trading strategy ¢ € ® is called tame if there exists ¢ € R such that
Vi(¢) > ¢ P-almost sure. We denote the set of tame trading strategies in
d with d,.

The following Theorem shows us the first relation between arbi-
trage and martingale measures.

Theorem 2.3.1. Let M™" = ((X;, Fi)ier, P) be a financial market and
P(M™™) # (0. Then the financial market M;" = ((Xy, Fi)ier, s N D) is
arbitrage free. Here ®, N &, denotes the trading strategies in ® which

are strictly self financing and tame.

Proof. Let ¢ € &, N &, such that V;(¢) = 0 and V() > 0 almost sure.
Let P* € P(M™") £ (). Since ¢ is strictly self financing it follows from
Proposition 2.3.1 that V;(p) follows a local P* martingale. Since ¢ is
tame and hence V() is bounded from below, it follows from Exercise
1.2.6 that V() follows a supermartingale. Therefore we have

Ep- (Vr(p)) = Ep- (Vi ()| Fo) < Vo(p) =0

Hence, since also Vi (p) > 0 almost sure we have V; () = 0 almost
sure. This then implies that P{Vy(y) > 0} = 0 and M_;" is arbitrage
free.

0

Example 2.3.1. Martingale Measure for the Black-Scholes Mar-
ket Let M"' = ((Xy, Fi)iepor), @) be the standard Black-Scholes model
with an arbitrary set of trading strategies ® modeled on the underlying
probability space (Q, F,P) such that the numeraire X = ¢" represents
a bank account and X! = eb=30tHoWe 4po price of a stock. We define a

new probability measure P* on (), F) as follows : For any A € F let
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Q

where 7, = ™13t gnd § = =t @ is called the Market Price of
Risk. Then P* is an equivalent martingale measure for the financial
market MY'. We postpone the proof of this until section 2.7. The ambi-
tioned reader though should try to do the proof at this point. It is a very

good exercise.

In fact we would also like the discounted value process to be a ( real
) martingale, at least for some martingale measure P* € P(M). This

leads to the following definition :

Definition 2.3.5. Let M"™" = ((X;, Fi)icr, P) be a financial market. A
strictly self financing and tame trading strategy ¢ € ® is called admis-
sible if there exists P* € P(M) such that the discounted value process
Vi(p) is @ martingale. We denote the set of admissible trading strategies
with ®, and with M = (X, Fi)ier, Pa) the corresponding financial

market.

The following corollary follows directly from the definition of admis-
sible and Theorem 2.3.1.

Corollary 2.3.1. Let M™" = ((Xy, Fi)ter, ) be a financial market and
P(M™™) =£ (). Then the corresponding financial market M™" is arbi-

trage free.

The following Theorem sharpens the No Arbitrage Principle in the

presence of martingale measures.

Theorem 2.3.2. No Arbitrage Principle 2 Let M™" = ((X;, Fi)ier, @)
and ¢, € ¢, admissible trading strategies such that V() = V().

Then the corresponding value processes V;(yp) = V,(¢) are indistinguish-
able.
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Proof. From the assumptions and the definition of admissibility it fol-
low that there exist P*, P} € P(M™") such that V;(y) follows a P* mar-
tingale and V(1)) follows a P; martingale. Because of the strictly self
financing condition and tameness V; (i) also follows a P* supermartin-
gale. Hence

Vi(p) = EP;(VT(@)‘E) = EP’{(VT(w)UTt) <Vi(v) as.

Interchanging the roles of © and ¢’ in the argumentation above com-
pletes the proof.
[

We have seen so far that the existence of an equivalent martingale
measure for a financial market implies that it is arbitrage free. But
does arbitrage freeness also imply the existence of an equivalent mar-

tingale measure ? In general not.

Definition 2.3.6. A financial market M™" = ((X;, Fi)ic1, P) satisfies
the Fundamental Law of Asset Pricing if the following two condi-

tions are equivalent :

1. M™" is arbitrage free.
2. P(M™™) £ ).

A fundamental theorem of asset pricing in this context is some kind
of theorem which asserts that some class of financial markets satisfies
the fundamental law of asset pricing. Most of the results so far have
been established in the context of semi-martingales ( see [Delbaen/Schachermayer]
[Stricker] ). In the context presented here, this is still up to further re-
search.

Conjecture 1. Fundamental Theorem of Asset Pricing Let M™" =
(X, Fi)ter, @) be a financial market where ® is an ample cone, then the
corresponding market M™" = ((X;, Fi)ic1, Do) satisfies the fundamental

law of asset pricing.
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2.4 Options and Contingent Claims

The reason for why mathematical advanced models of financial mar-
ket have been developed is not only that some mathematician actually
wanted to develop mathematical models, only they could understand,
but more that people ( traders ) were in need for formulas to compute
the right ( fair ) prices for what they called “options®.

Though options are traded on stock exchanges all over the world it
is actually not so easy to describe mathematical what they are until
one introduces a more general thing that is called a contingent claim.
One could say an option is something which gives you the right ( not
the obligation ) to buy some other thing at some time ( in the future )
for some predetermined price. To get a first idea consider the following

example :

You want to give a grill party in about three weeks from now and there-
fore you need meat. Since you expect a lot of people you need a lot of
meat. You decide to go to a butcher and ask how much you need and
what is the price. The butcher tells you exactly how much you need,
but he also tells you that obviously you cannot buy the meat today ( be-
cause then it would be rotten in three weeks ) and that he cannot say
how much the meat will cost in three weeks. he tells you there might
be another food scandal on its way and the meat prices could jump up
and then you would have to pay much more than the price today. Nev-
ertheless the butcher offers you the following : You pay him 5 Euro
and then you can buy the meat in three weeks for todays price, even if
the price in three weeks is much higher than today. Should you accept
the offer, is 5 Euro a fair price ? Maybe the butcher tries to tricks you.
What would be a fair price for such an offer ?

What is described above is what often is called an option. Let’s think
about it like this. The Butcher offers you to buy the meat in three
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weeks from now for today’s price, let’s call this price K. Let S; denote
the price of the meat at time 7" = 3 weeks . Then if S > K you save
St — K Euro. If S7 < K then you buy meat at the ( spot ) price in three
weeks and save nothing. Since the price St is not known you consider
this price as a random variable Sr(w). The money you save can also be
considered as a random variable via

o) = {ST(w)—K, if Sp > K ©.16)

0, lfST < K

So g can be thought of some random payment in the future. Some-
thing like this is mathematically known as a contingent claim.

Definition 2.4.1. Let M™" = (X, Fi)ier, ®) be a financial market. A
contingent claim g is an Fr-measurable random variable, such that

g>0as. ,3Iu>1st E(g") < oc.

In the example above the intention to buy “ the call on meat “ was
something like an insurance against the risk that the price of meat
increases. This kind of behavior is called Hedging. Maybe some other
people do not want to give a grill party, but are interested in some profit
by trading in the meat market. They could act as follows. They buy the
“ call on meat “ and hope that the meat price increases. Then at time T’
they buy the meat from the butcher at price K and sell it immediately
back to the butcher at the price S; and earn S — K. This kind of be-
havior is called Speculation.

Our aim in the next section will be to define the right prices for such
contingent claim but before let us consider some types of contingent
claims traded at financial markets with at least two tradeable assets
(X}) and (X?). We have :
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European Call : (X7 — K)© = max(Sy — K, 0)
European Put : (K — X)*
Call on maximum : (max(X;, X7)— K)"

T
Call on average : (/ X} dt — K)*
0

: 1 +
Down and out : (X7 — K1) Ly, ,rxisk,

where K,K,K, are constants. K and K are called strike prices, K,
is a downside barrier and K; > K,.These options are still of an elemen-
tary structure compared to other options traded at financial markets.
People there are still inventing more and more complicated options, in-
creasing the need for mathematician to evaluate these options. ( Maybe
the mathematician invent them themselves. )

2.5 Hedging and Completeness

The seller of a contingent claim must somehow make sure that at ex-
piry time 7" he can fulfill his obligations. If he does this by investing in
the financial market, then we speak of hedging.

Definition 2.5.1. Let M™" = ((Xy, Fi)ier, ®) be a financial market and
g : Q) — R be a contingent claim. A trading strategy ¢ € ® is called a

1. Hedging strategy for the contingent claim g if Vr(¢) = g a.s.

2. Super Hedging strategy if V;(¢) > g a.s.

Often we loosely speak of a hedge respectively super hedge, mean-
ing a hedging strategy respectively super hedging strategy. If there exists
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a hedging strategy for g then g is called ®-attainable. If there exists a
super hedging strategy for g then g is called P-super attainable.

If there exist a hedging strategy for the contingent claim ¢ then
the seller of g can invest in the market corresponding to the trading
strategy ¢ and makes sure, that at time 7" he can fulfill his obligations.
Also, if there are two hedging strategies ¢ and 1 for the same contin-
gent claim g, both belonging to ®,, the the value processes (Vi(¥)):cio,1]
and (V;(¢)))icpo,r are indistinguishable by the No-Arbitrage Principle
2. However, the existence of such trading strategies in general is not
guaranteed.

Definition 2.5.2. A financial market M"™" = ((Xy, Fi)ier, P) is called
complete, if for any contingent claim g : ) — R there exists a hedging
strategy p € ®. Otherwise the market is called incomplete.

In the following we will see complete and incomplete markets, more
incomplete markets in fact. We will see that some version of the stan-
dard Black-Scholes financial market model is complete. Incomplete
markets are more difficult, we will see the reason for this in the next
section. However incomplete markets arise quite naturally and the
Black-Scholes model seems not to give the right picture for what is go-
ing on at real world financial markets. The algebraic structure of the
set of contingent claims is that of a cone. It is however not clear, that if
g1 and ¢, are ®-attainable, g; + ¢- is also ®-attainable. To conclude this
in general, we would need at least that ® is a cone.

We saw in section 2.3. that arbitrage has something to do with the
existence of martingale measure. Completeness has something to do
with the uniqueness of martingale measure at least if one considers
the following sub class of equivalent martingale measures :

Definition 2.5.3. A probability measure P* € P(M™")is called a strong
equivalent martingale measure for the financial market M™" = ((X;, Fi)ier, P)
if for all p € ®, the discounted value process V() follows a P*-martingale.

We denote the set of strong equivalent martingale measures with P,(M™™).
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The next theorem establishes the connection between completeness

and uniqueness of equivalent martingale measures.

Theorem 2.5.1. (Uniqueness of equivalent Martingale Measures)
Let M™" = ((Xy, Fi)ter, Pa) be a complete financial market, such that
Fr =F, P(M™") £ () and Ep(X2)* < oo for a p > 0. Then |Py(M™")| =
1.

Proof. Let P}, P5 € P,(M™") and A € F = Fr. Then

gi=1,4-X2: Q=R

is a contingent claim. Since M™" is complete there exists a hedge
¢ € @, such that V() = 14 - X? almost sure. This of course implies
Vr(¢) = 1,4. Hence we have

P;(A) = Ee; (1aFo) = Ee: (Vi ()| Fo) = Volp), i = 1,2,

and in fact Pj(A) = P;(A).

2.6 Pricing of Contingent Claims

The pricing of contingent claims is one of the major topics of this course.
By pricing we mean how to associate a price process to a contingent
claim in a financial market, such that if this price process is consid-
ered as a tradeable asset ( means the financial market is traded at the
market ), the corresponding extended market ( with admissible trad-
ing strategies ) is arbitrage free. For the whole section let M™" =
(Xt Fi)iepr), @) a financial market.

Definition 2.6.1. Let g : 2 — R be a contingent claim in M™". A
price process (g:):co,r) for g is a non negative (F;)cjo,r) adapted stochastic

process such that gr = g almost sure.
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Before thinking about the question whether the extended financial
market is arbitrage free or not, we must give a precise mathematical
formulation of how to extend financial markets at all.

Definition 2.6.2. Let M™" = ((X;, F)ier, ®) and N*' = (Y}, Gy)ier, ¥)
be financial markets. Then we define the product of M™" and N'* as

M™% Nl,k = (M % N’)m+k+l,n+l+1 _ ((Ztth)tED P x \I/),

with

Zy o= (XD, .., XM YR L YR XX YR LY v,

H; = o(F:,G) and © x ¥ the Cartesian product of the two sets of
trading strategies.

Given a contingent claim g and a price process (g:)ico,rj for this

claim, we consider the financial market

M(gt) = ((gtaf‘t)tE[O,T]a \Dsimple)

where Vg, denotes the one-dimensional simple processes ( see
Definition 1.2.7 ). We can now define the extended financial market,
where discrete trading with the contingent claim is allowed as follows

Definition 2.6.3. Let (g;) be a price process for a contingent claim g
in a financial market M™" = (X, Fi)ier, ). We define the extended

financial market as

M (g) = MM x Mg,

where the product is given by (2.16 ).
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Given a price process for a contingent claim, the contingent claim
will only be traded if the price process gives no ( significant ) advantage
to neither the seller or the buyer of the contingent claim. We would
consider such a price as a “fair price®.

Definition 2.6.4. A price process (g;) for a contingent claim g in a finan-
cial market M™" is called a fair price if the extended financial market

ML (g with admissible trading strategies is arbitrage free.

Let us assume now that P* € P(M™") is an equivalent martingale
measure and ¢ : 2 — R is a contingent claim in this market. Then we
can define

g = X{ - Epe ((X3) ' g|F).

Clearly ¢, is a price process for the contingent claim g. The follow-
ing theorem tells us that equivalent martingale measures compute fair
prices for contingent claims.

Theorem 2.6.1. Let M™" = ((X;, Fi)ier, P) be a financial market and
g a contingent claim in this market. Let P* € P(M™") then the price
process g; := X - Ep- ((X2)"1g|F) is fair.

Proof. We have to show that M™ 171 (g,) is arbitrage free .From Corol-
lary 2.3.1. it follows that this is indeed the case if P(M™ 11 (g,)) £ (.
In fact we show that P* € P(M™"+1(g,)). But this is almost clear
since by definition of an equivalent martingale measure, X, is a local
P*-martingale and also g; = (X?) 'g; = Ep:((X3) 'g|F;) is a local P*-
martingale ( see also Exercise 1.2.2). O

In this way, martingale measures should be interpreted as pricing
systems. They should be considered as ( linear ) functionals on the
space of contingent claims with values in the space of fair prices. The
interesting thing is, that is some cases if |P(M™")| > 1 not all of them
give the same prices. It might be, that one equivalent martingale mea-

sure prices a contingent claim more expensive than another one, but
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still both prices are fair. Nevertheless the question arises, which of
the equivalent martingale measures one should use to price contin-
gent claims. Further research into this direction needs more advanced

methods in functional analysis and topology then presented here.

A different method to price contingent claims is directly related to

hedging strategies.

Definition 2.6.5. let g be a contingent claim in a financial market
MM = ((Xy, Fy)ier, @). We define the Hedging Price of g as

T hedge = an{l' S R|E| hedge Y € q)a, s.t. ‘/O(QD) = aj’}

and the Super Hedging Price as

Tshedge = inf{x € R|3 super hedge p € ¢, s.t. Vo(¢) =z}

The hedging price tells us exactly the minimum investment at time
0 to get the pay out g at time 7. This seems to be a quite reasonable
procedure to price contingent claims. The question how these prices
are related to martingale measures and whether they are fair or not

will be answered by the following proposition and corollary.

Proposition 2.6.1. If g is a contingent claim in M™" = ((Xy, Ft)ter, P)
and ¢ € ¢, a hedge for g, then the discounted value process V() is a

fair price process for g. Furthermore we have

Vilp) > X} - Ep-((X7) " 'g), VP* € P(M™").

Proof. We have g = Vp(p) a.s. Since ¢ is admissible, there exists P* €
P(M™") such that V;(yp) is a P* martingale. Hence

Vilp) = X7 -Vilp) = X7 - Ee(Vr(p)|F)
= X} Ep-((X7)"'Vr(0)|Fr)
= X} Ee- (X7) "9l F)
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and V;(y) is a fair price process by Theorem 2.6.1. For any other
equivalent martingale measure P* € P(M™") V,(y) follows a P*-super
martingale ( local martingale and bounded from below ! ) and hence

Vilp) = XP-Vilp) = X)) B (Vr(p)|F)
= X} By (X7)"'Vr(0)| Fr)
= X/Es (X7) gl 7)

Corollary 2.6.1. Let g be a contingent claim in M™" then

Thedge > X0 - Epe((X7)1g), VP* € P(M™").

2.7 The Black-Scholes Formula

In this section we restrict ourself to one distinguished financial market
model, the standard Black-Scholes model of section 1.4. and Example
2.3.1, and one distinguished contingent claim, the European call op-
tion from section 2.5. The model is given within a complete probability
space (€2, F,P) which carries a standard Brownian motion (WW;, F;) by a

two dimensional price process

XO ert
(Xt)te[OT} = < tl ) = ( 1. 2 >
) . p(b—50%)t+oW;
X t€[0,7] So- ez 1 t€[0,7]

where X} represents a bank account with deterministic interest
rate r > 0 and X} the price of a stock with initial price S, > 0. We
do not fix the set ¢ of trading strategies here, but we think of the set
of simple processes as allowed trading strategies. This is reasonable
at least, since at real world markets, trading only happens in discrete
time steps. We denote this market with Mj;5. In Example 2.3.1 we
defined a new measure P*on (2, ) as
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PH(A) = EP(ZTJA):/ZT-lA

where 7, := ¢?"t=3%°t and = =t Since Zr > 0 it is clear that P and
P* are equivalent measures. Let us now show that the process defined
by

Wy =W, —0-t Yt (2.17)

is a Brownian motion with respect to the measure P*. Clearly W; =
Wy = 0 P- and hence also P*-almost sure. Also W —W? = W, —W,—0(t—
s) is independent of F,. Let us now compute the distribution function
of W} — W. Notice first, that if A € F;, we have

P*(A) =Ep(1la - Zr) = Ep(14 - Ep(Zp|F) = Ep(1a - Z4),

since (Z;):co,r) is a P-martingale ( see Exercise 1.3.1). We have

PrWy =W, <) = Ep(lywr-wi<ay - Zt)
— EP(EP(l{Wt*—WJSI} . ths_llfs)zs)

= Ep(Ep(lpwr—wr<s} - I We=Ws)—50%(t—s) \F)Z,)

J/

indepenarent of 7,

W) By (7

——"
=1

- Ep(l{Wt—Wsﬁx-&-Q(t—s)} €

Using the density function of W, — W, ~ N (0,¢ — s) ( with respect to
the measure P )we get that the last expression above is equal to

2
f;r+9(t—s) L Oy—562(t—s) . e_ﬁdy
—oo 27 (t—s)

(z+0(t—5))>
€9Z+%92(t_5) . 6_ 2(t—s) dz

_ s 1
<  J~ymes

z=y—0(t—s)
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In the last integral almost everything cancels, and what is left is
the expression

22

/ ' ;efmdy.
—oo \/27(t — 8)

But this ( as a function of x ) is the distribution function of an
N(0,t — s) distributed random variable. Hence we have proven that
Wi —Wi ~ N(0,t—s) under the measure P*. Since obviously the process
(W;)tep,m has continuous paths, we have proven that it is a standard
Brownian motion under P*.

Clearly X? = 1 is a martingale under P*. Let us now consider X} =
- eb=39")+oWi By a simple transformation we get

th _ SO . e(b7%52)t+aWt = eaWtf(rfb)tJrrtf%o-?t _ SO . eUWt*,(rfécﬂ)t.

~ _ *_ 1 2
th —e 'rtth :x'eth 50 t‘

Since (W;):c(0,7] is a P* Brownian motion the last expression follows
a P*-martingale ( see again Exercise 1.3.1 ). Hence we have proven that
P* is an equivalent martingale measure for the market M ;; and that
(ML), is arbitrage free. Let us now consider a European call option
with strike price K given by

Using Theorem 2.6.1 we can compute a fair price for this option as

go = Ep-(e7" - (X} —K)- Lixi>ky)
= Ep (e X7 lixisgy) —¢ K- P (X7 > K)

S

'

=(I) =(1)
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Let us compute the expressions (/) and (//) :

oWr—Lo2T
(1) = Ep(Soe” 727" Liin(50) 1 (o S0y T oW 2in(K))
= S5 - 1 ocx—Lia2T _ﬁd
~ 1 @r0?
- SO/W Wors
We denote
In(22) + (r+ 26T
dy = (%) +( 20°) ' 2.18)
ovT
an by substitution of y = % we get

o0 1 y2
I = S, 5 d
) = S / R

= So- ¢(d1),

where ¢ denotes the standard normal distribution function. Let us
now compute the second part (/7). We have
wr o (L) = (r—1is)T
(]I):G_TTK'IED*{ TZ (So> ( 2 ) }
VTZ oJT

~
—d1+0'\/T

Since % ~ N(0,1) under P*, we get

(II) =K - ¢(dy — oVT).
Hence we have proven the following theorem :

Theorem 2.7.1. Black-Scholes Formula A fair price for a European
call option with strike price K in the standard Black-Scholes model is
given by
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C(So, K,0) = Sy - ¢(dy) — e "TK - ®(dy — oV/T)

where d; is given by the expression d, := m(%o)j(#

In the theorem above we do only speak of “a“ fair price because it
might be, that there are other fair prices corresponding to other equiv-
alent martingale measures for the standard Black-Scholes model. In
fact, there are no other equivalent martingale measures than the one (
2.21), but we cannot ( or don’t want to ) prove this at this place.

Exercise 2.7.1. Compute a fair price for a digital call option with strike
price K in the standard Black-Scholes model. The pay-out of a digital
Call option is given as

9(w) = lyxi>ky-
Exercise 2.7.2. Compute a fair price for the Butterfly-Spread option

with strike price K in the standard Black-Scholes model. The pay-out
of a Butterfly-Spread option is given as

0 if XL<K

XL —-K if K<XL<2K
g(w) = L SRS T (2.19)
9K — X+ if 2K < XL<3K
0 if 3K <Xk

Why is this option been called Butterfly-Spread ?

2.8 Why is the Black-Scholes model not good
enough ?

The Black-Scholes model certainly is still the most famous and one
of the most applied models. On the other side, it is known that the
reality at financial markets looks different. In this short section we
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will demonstrate why this is so. The standard Black-Scholes model
assumes for the stock price the price process

_1
Sy =5 - elt 2)t+UW’5,

where the coefficients b and o are assumed to be constants. o is
called the volatility of the stock. Let us consider the fair price of a
European Call option given by Theorem 2.7.1 as

C(Sy, K,0) = Sy - ¢(dy) —e ""K - ®(dy — oVT), (2.20)

Let us consider this price as a function of the volatility. From a
rational point of view, it should be clear that this function is mono-
tonically increasing. Nevertheless the ambitious reader should do the

following exercise

Exercise 2.8.1. Show the fair price of a European call option in the
standard Black-Scholes model given by ( 2.24 ) is monotonically increas-

ing as a function of the volatility o.

Hence we can look at the price at which European call options for
this stock are traded on some stock exchange, call this price C,..;(Sy, K)
and solve

C(S()aKa U) = Creal(SO7K) (2-21)

for 0. Using this volatility for the computation in ( 2.24 ) for exactly
this option then of course gives the right ( real world price ). The fun-
damental problem though is, that when solving ( 2.27 ) in praxis, for
different strike prices K, in general one gets different values for 0. So
we have 0 = ¢(K). This in fact contradicts the assumption made by the
Black-Scholes model that o is considered to be constant. o(K) is called
the implied volatility, the graph of o(K) is often called volatility smile
for its typical shape. There are various methods to improve the Black-
Scholes model, and we will learn about some of them in the remaining
of this lecture.
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Chapter 3
Stochastic Integration

In section 2.3 we defined the sums Y. dp X" and 3, pd X" for certain
partitions and assumed some kind of convergence of these sums when
|Z| — 0. We now want to make this concept more precise. The concept
is called stochastic Integration.

3.1 Semi-martingales

Let us first consider a generalization of the notion of a simple processes.

Definition 3.1.1. An n-dimensional stochastic process (X, Fi)icp1) 18
called simple predictable if there exist a finite sequence of stopping

times

with respect to the filtration (F;)wcor and «; @ Q — R such that

;| < o0 a.s., «; is Fr, measurable and

Oéo(bd) . 1{0} -+ ZO@(W) . 1(Ti—11Ti]7 ‘v’t,w. (31)
i=1

We denote the class of simple predictable processes with £. We say a

sequence of processes X* € £ converges to X € £ if
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Xt X e sup{|XF(w) — Xy (w)||(w,t) €eQx I} — 0ask — oo

Definition 3.1.2. A process Y = (Y});cs is called rell ( right continuous
with left limits ) if

Yw) € C.(I,R") a.s.

li;riYs(w) exists for a.a. wand forallt € I.

In this case we define a new stochastic process as Y_ := (Y;_ ). A
process X = (X;)es is called lerl ( left continuous with right limits ) if

Xw) € C_(I,R")a.s.

X (w) = £1<1} X (w) exists for a.a. wand forall t € I.

and in this case as before we define X, := (X;.)ic;.We define the
corresponding jump processes as

We can now define, what a semi-martingale is.

Definition 3.1.3. A process Y is called a total semi-martingale if Y
is rcll, (F,)ier adapted and the map

/(-)dY € — Map((2,F), (R,B(R))

X - a0%+zai(YTi+1_YT»)

i=1

7

where X is given by (3.1), is continuous in the following sense :

xtt-x = fX’fdnyXdY.l
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Y is called a semi-martingale if Vit € I the stopped process Y' is a
total semi-martingale. We denote the class of semi-martingales with S.
In case Y € S and X € £ we write

t
/XdY ::/XdYt.
0

In the definition above Y was assumed to be R-valued. Most defi-

nitions in this chapter correspond to the one-dimensional case but can
be generalized to the n-dimensional case without taking serious effort.
For example an n-dimensional semi-martingale is a R" vector valued

stochastic process whose components are semi-martingales.

Remark 3.1.1. 1. Sis a vector space.

2. [ XdY is bilinear as a function of the integrand X and the inte-
grator Y.

3. [} XdY is F, measurable and ([, XdY ). is an (F;) adapted rcll

stochastic process.

4. S = S(P) actually depends on P, but if Q << P then 7k ——> 7 =

A e, 7 hence every semi-martingale with respect to P is also a

semi-martingale with respect to Q. If in particular we have P = Q
then S(P) = S(Q).

5. S = S((F)) also depends on the filtration, but if (G;) is a sub-
filtration of (F;) and Y is also (G;)-adapted, then Y is also a semi-
martingale with respect to (G,;), since every elementary process with

respect to (G;) is also one with respect to (F;).

The following elementary properties of the stochastic integral ( for
elementary processes with respect to a semi-martingale ) are left as an

exercise.

Exercise 3.1.1. Let Y = (Y,)ic; be a semi-martingale defined on a
complete probability space (2, F,P) with given filtration (F;)c; and let
X, X!, X2 be elementary processes. Show :
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1. f(f cdY = cY; for any ¢ € R considered as a constant deterministic

process.
2. |lYs| <0a.s. forall s € I.
3. Y - Liysop, Y - Liy<oy and |Y| are semi-martingales.
4. IfY >0as and X! < X?a.s. Vse[0,t]then [} X'dY < [} X?dY

5. If X is bounded and Y is a martingale, then (fot XdY )er is also a

martingale.

The next propositions will give us various examples of semi-martingales.

Proposition 3.1.1. Let Y = (Y})ic; be an rcll (F;)c; adapted process

s.t. Vt and Vw a.s. we have

Z(t)02t0<t1<tm:t}<00

t
[ v = sup{3 ¥, - Vi

0 Z(1)

(we say Y has finite variation on compacts ). Then Y € S.

Proof. Let X € £ be given as in (3.1). We have

|/XdYt| = |a0YJ+Zai(Y£+I—Y£)|

=1

IN

n
ol Y51+ lellY7,,, — V7,
i=1

t
< sup | Xp(w)| - (Yol +/ |dY|)
0

C (wh)eQxI

If xt—5~ X then X*— X <0 and we follow from our Assump-

tions,
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that for any ¢ > 0 we have lim P(] X)dY'!| > )

n—oo

< lim P( sup IXf(w)—Xt(w)l)l'(l%H/O |dY"]) > €) =0

n—00(y 1eQx ]
N

J/

0 ag k—0 <oco a.s.
[l

The most interesting stochastic processes nevertheless do not have
finite variation on compacts. So we have to go on. In the context of
martingales we defined local martingales as something which becomes
after appropriate stopping a martingale. The same procedure works in
the semi martingale context but :

Proposition 3.1.2. Let Y = (Y}):e; be an rcll (F;)icr adapted process s.t.
there exists an increasing sequence of stopping times T, s.t. limT, = oo
a.s. and Vn we have Y € S, then Y € S (in words : every local semi-

martingale is a semi-martingale ).

Proof. Let X € £ be given as in (3.1). Define stopping times

Sp =T, - Lip,<ty + 00 Lyp, 54y
We have

t t
IP’(|/XdYt]26) < IP’(]/ XdY\Ze,Sn:oo)JrIP’(]/ XdY| > €, S, < o0)
0 0

t
B(| / XYM > ) 4+ P(S, < o0).
0

Now let x* -5~ X ie. xX*_ x5 —~0. ThenVn

k—o0 k:—»oo

lim P( \/ X)dY'| >e) < lim P( \/ X)dY M| > €) +P(S,, < 00)
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The statement of the proposition now follows from lim,, .., P(S, <
00) = lim, o P(T,, < t) =0.
L]

Definition 3.1.4. Let Y = (Y;);c; be a martingale. We say Y is a
1. L*(P)-martingale if Vt Ep(Y?) = [, Y dP < oo
2. L*(P ® p)-martingale if Epg,(Y) = [, Y?dP @ p) < o0

where i denotes the Lebesgue-measure on R. Further more, if Y is arbi-

trary, the we say Y is an

1. L}

loc

(P)-martingale if there exists an increasing sequence of stop-

ping times T, s.t. limT,, = oo a.s. and Y is a L?(P)-martingale

2. L}

loc

ping times T,, as above s.t. YT is a L*(P ® pu)-martingale

(P®u)-martingale if there exists an increasing sequence of stop-

Exercise 3.1.2. Let Y be an L*(P)-martingale. Show that for any se-
quence of stopping times 0 =Ty < T < ... <T,,41 < 00 a.s. one has

m

E(Z(YT¢+1 - YTi)2) = E(Yﬁm_H)'

i=0
The following proposition gives at once a large variety of examples

for semi-martingales.

Proposition 3.1.3. Let Y = (Y}),c; be an rcll L} (P)-martingale. Then
Yes.

Proof. W.l.o.g. we assume Y; = 0 and Y is an L?(P)-martingale. Let
X € £asin(3.1). Then

B Xdv') = E(Y o, — Vi)

< ( sup  [Xe(w))E((Y7,,,)?)
(wyit)eaxT

< (sup | X(w)])E(YY)
(w,t)eQaxT
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where the last inequality follows from the Jensen-inequality ( Prob.
Theory Theorem 19.1 and Lemma 19.1 ). Hence
x* %> x and hence x*— X £~ implies

[ xtayt ™ [ xay .

It follows from Prob. Theory Theorem 15.2¢) that L? convergence
implies convergence in probability. Hence we have

[ XFdyt X [ XdY

which proves the proposition.
O

Let us now consider our first explicit example of a semi-martingale

Corollary 3.1.1. Any Brownian motion (W;)c; is a semi-martingale.

Proof. Obviously (W;) is an L?

loc

(P) martingale. O

Proposition 3.1.4. Let Y = (Y;);c; be a continuous local martingale,
then Y € S.

Proof. Let T, be an increasing sequence of stopping times s.t. lim,, .., T,, =
oo a.s. and Y7 is a martingale. We define another increasing sequence
of stopping times

S = inf{t|Yi] = n}

Clearly lim,,_.., S, = oo a.s. and hence also lim,, .., 7,, A S,, = c© a.s..
T, A S, is also an increasing sequence of stopping times s.t. Y7#"\5» =
(Y1) is a martingale. Furthermore we have

E((Y 52 < E(n?) = n? < oco.
<n

Hence Y, is an L?

loc

(P)-martingale and by Proposition 3.1.3 this im-
plies that Y is a semi-martingale.
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]

Let us now describe what semi-martingales we’ve got so far. For
this the following definition is useful.

Definition 3.1.5. An rcll process Y = (Y;);c;s is called decomposable,

if

where My = Ay = 0, M is an rcll L (P)-martingale and A rcll and

loc

of finite variation on compacts.

Corollary 3.1.2. Let Y = (Y})ic; be a decomposable process, then Y is a

semi-martingale.
Proof. Follows from Proposition 3.1.1 and Proposition 3.1.3. O]

The processes in mathematical finance are often of the form Y; =
Yy + M, + A, where everything is as above with the exception that 1/, is
assumed to be a local martingale. It follows from Proposition 3.1.4 that
in this case Y is also a semi-martingale. In fact most semi-martingales

are also decomposable but we won’t go deeper into this.

3.2 The stochastic Integral

We already defined stochastic integration in case the integrator is a
semi-martingale and the integrand is an elementary process. The class
of integrators is already sufficient, but we want to enlarge the class of
integrands. For this we exploit the continuity property in Definition
3.1.1. In fact we show that this continuity is actually stronger than it
was assumed in Definition 3.1.1.

Definition 3.2.1. Let X" be a sequence of stochastic processes. We say

X" converges uep ( uniformly on compacts in probability ) if

55



‘v’te]:supogsgt]Xf—XALo = xh P x

The following proposition shows that we can get any lcrl process as

an ucp limit of elementary processes.

Proposition 3.2.1. Let X be an Ilcrl adapted process. Then there exists

a sequence X* of elementary processes, such that X% —= X .

Proof. As before we define an increasing sequence of stopping times as

on = inf{t : | X;| > n}.

We have lim,,_,, 0,, = co and hence

=0

——
lim P(sup | X" — Xs| >€) < lim P( sup |XI" — X | >¢€)

n—oo <5<t n—oo  0<s<op
7

~~
=0

+ lim P( sup | X" — X,| > €)

n—0oo 0n<s<t
lim P(o, <t) =0

Hence X" —2- X and all X" are bounded processes. Hence we can
assume in the following that X is also bounded. Define the rcll process

Z as Z = X .. For ¢ > 0 define a sequence of stopping times

7o =0, 75 =inf{t|t > 75 and |Z, — Z,| > €} Vn.

7¢ is an increasing sequence of stopping times s.t. lim, .., 7, = o
a.s. ( here we need boundedness ). We define

ZG = ZZTﬁ ’ 1[T7€L’T‘V€L+l)
Then we have that
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|Zy — Zf| <eas. Vtel

and hence that Z7¢ — Z uniformly and bounded ¢ — 0. We define an
ler] process Z¢ as

2= Xo Yoy + ) Zog Argrsa)

n=0

Then Z¢ — Z_ = X uniformly and bounded as ¢ — 0. Now let

k
X* = Xo 1o + Z Zoak l(r,{/'“/\k,rl/k NK]®

n+1
n=0

Clearly X* € £ and for k > t we have X! = ZV¥ v 0 < s < t. Hence
we get

lim P(sup |X¥ — X,|>¢) = lim P(sup |[ZM% — X,| >¢) =0
k—oo  o<s<t k—oo  0<s<t Nm———
<1/k

ucp

which shows that x* —— X .
OJ

Proposition 3.2.2. Let Y = (Y;);c; be a semi-martingale and X* € € a
sequence converging ucp to X € £, i.e. Xk —2> X, then

ucp

(Jo XEdY Vier — ([y XdY )ier.

Proof. W.l.o.g. we assume that Y is a total semi-martingale and X = 0.
Let us first assume X* € £ and X* —— (0 uniformly and bounded. let
¢ > 0. We define stopping times

¢
Tk = inf{t: / Xkay| > e}
0

Clearly X* -1, € £ and
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s T /\S
P(sup | [ X*dY|>¢€) = P(sup | Xkay| > €)

0<s<t Jo 0<s<t Jo

= P(sup | [ X" 1, dY|>¢)

o<s<t Jo
= P(sup | [ X" 1 dY*| >¢€) — 0ask — oo.
—_—————

0<s<t
&

444%>0

ucp

This shows that x* <0 = (Jy X*dY),e;—0 . Now let x* ~=0
with X* € €. Let § > 0,e > 0,¢ > 0. It follows from above that there ex-
ists ) > 0 s.t. whenever sup, ;o | X¢(w)| < 7 we have P(sup< | [y XdY| >
d) < €/2. Define stopping times

oy = inf{s : | X*| > n}.

We define

Xk = Xk . 1[07%] . 1{0k>0}.

Then X, € £ and SUD(w 1) eaxT | XF(w)| < n. If o, >t then

sup | [ X*dY|= sup | [ X*dY]|.

0<s<t 0 0<s<t 0

Hence we have

P(sup | [ X*dY|>0) < P(sup | [ X*dY|>6)+P(oy < t)

0<s<t 0 0<s<t 0
< /24 P(sup |XF| >n)
0<s<t
—4)a§£—%m
from which the statement of the proposition follows. ]

We want to define the stochastic integral with integrand an arbi-
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trary adapted lcrl process X as a limit of integrals of elementary pro-
cesses. The following lemma shows that this limit indeed exists.

Lemma 3.2.1. Let X" € &£ be a sequence of elementary processes s.t.
X" 2% X where X is lerl adapted. Then YVt the sequence fot X"dY
converges in probability.

Proof. Applying Lemma 15.3 Prob. Theory, we have to show that fot X"dY
is a Cauchy-sequence in probability. For this let ¢ > 0,0 > 0. For any
n > 0 and m,n € N we have

t t
IP(|/ Xmdy — X"dY|>6) < }P’(|/ (X™ = X™)dY]| > 6, sup [X™ — X"| <)
0 0

0<s<t

+ P(sup [X — X[ >n)

0<s<t

Since Y € § we can find n > 0 such that whenever X € £ with
SUp(, neaxr [Xs(w)| < n we have P(| fot XdY| > d) < €/2). For this n we
have

|/ — X™M)dY| > 9, sup | X" — X7 <n) <¢e/2

0<s<t
. ucp P
Furthermore, since X" —= X = supgc, |X" — X|—=0 we can

ﬁ11d.n@ € N s.t.

P(sup | X! — X,| >n/2) <e/4¥Vn > ny.

0<s<t

Since

{sup |X?—X"|>n} C {sup | X —X,| >n/2}U{sup | X" —X,| >n/2}
0<s<t 0<s<t

0<s<t

we have V m,n > ny
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P(sup | X7 =X >n) < P(sup [XT—X[>n/2) +P(sup |X" = X[ >1n/2)
0<s<t 0<s<t

0<s<t

< €/d+e/d=¢/2.

Hence V m,n > ny we have

t t
P / X"y — / XN4Y| > 6) < /24 /2 = ¢,
0 0
which shows that the sequence fot X"dY isindeed a Cauchy-sequence
in probability.
[

We are now able to define the stochastic integral with integrand an
adapted lcrl stochastic process.

Definition 3.2.2. Let X be adapted and lcrl, Y € S. Then we define

t t
/XdY ::P—lim/ Xkdy
0 k- Jo
ucp

where (X*) is an arbitrary sequence of elementary processes, s.t. Xk —= X
and P —limy, denotes the limit in probability. We consider ( fot XdY )ier as
a stochastic process and call it the stochastic integral of X with respect
to Y. We denote this stochastic process as [ XdY.

The stochastic integral is well defined, since by Proposition 3.2.1
there exists at least one sequence of elementary processes converging
ucp to X and by Proposition 3.2.2, if there are two sequences of elemen-
tary processes converging ucp to X, then the corresponding stochastic
integrals converge ucp to the same stochastic process.From the defini-
tion and Remark 3.1.1 it is also clear that [ XdY is adapted and rcll.
The stochastic process | XdY should not be confused with the ( image
of the ) map in 3.1.4.

As a first example we want to compute the stochastic integral [ WdW
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where W is a Brownian-motion. For this we will make use of the fol-

lowing lemma.

Lemma 3.2.2. Let Z,, : 0 =ty < ... <t} =1 be a sequence of partitions
such that lim,_.. | Z,| = 0 then

Z (Wt?ﬂ - Wt?)2 Lt .

7

Proof. Define X" := Y (W;» — W )2, Then by telescoping
3 i+1 2

X' —t= Z (Wt?ﬂ o Wt?)z - (t?‘H —t})

(& J/

) '
G;

The G,’s are independent random variables. Furthermore, with

Wi, — Wep .
~ G with G ~ N(0,1).

Vi — 8
we have
Gy~ (G* = 1)(t7yy — 7).
E(G;) = 0 for all i and

E((X" — 1) = E(G)) =Y E(GH)
= E(G* =1 3t — )

E(G* —1)*)-|Z,|t— 0asn — oo
—_— —~

<oo —0

IN

This implies X" AL ¢+ which then implies X" —+¢.

O

Let us return to our example [WdIWV. We know that I/ € S and
also that IV is continuous, in particular lcrl. Hence this integral is well
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defined. Let us take a sequence of partitions 2, : 0 =t < ... <} < o0
s.t. lim, . |Z,| = 0 and lim,,_. t} = co. We define
i+1

Xn = ZWt? . 1(t?,t" ]

Exercise 3.2.1. Show X" —Z~ W .

We compute

t
/0 X"dW = ZW*(W;?@ = W)

n
141

1 1
= 52 Wi + W)W = W) =53 (Wi = Wi ) (W

D 7
—(Wl 2= (Wh,)?
7+1 3

> (W ne = Winne)?

(]

1 1
- 5 ngnm D)
——

(.

. (Lemma 3.2.2)

— WE

Building the limit for n — oo we get

! 1 1
/ WdW = 5WE -5t (3.2)
0

This result is under some aspect very interesting and shows very
good how stochastic integration is different from ordinary integration,
where we have [zdr = 1z?. The additional term —3i¢ comes from
Lemma 3.2.2 and may surprise those, who prefer deterministic think-
ing. We will later see that from the probabilistic point of view, its exis-
tence is very natural. Let us now state ( without proof ) some properties

of the stochastic integral.
Proposition 3.2.3. Let X be an adapted lcrl process and Y € S. Then
1. For any stopping time T we have [/ XdY = [*X -1pdY =

fooo XdY, where fooo means integration over the whole parameter
set I.
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2. (A [XdY), = X(AY),, henceif Y is a continuous semi-martingale,

then [ XdY is a continuous process.

3. [ XdY depends on the measure P but if Q << P then Q — [ XdY
and P — [ XdY are Q indistinguishable.

4. Let X be another adapted lcrl process and Y be another semi-

martingale. Let

A={wX(w) =Xw),Y(w) =YW}
Then [ XdY and [ XdY coincide on A.

5. Associativity : [ XdY is itself a semi-martingale and with X as

/Xd/XdY: /XXdY.

The following proposition is a generalization of statement (5) in Ex-

above we have

ercise 3.1.1. in case Y is an L?

loc

(P)-martingale.

Proposition 3.2.4. Let Y be an L} (P)-martingale and X adapted and

loc

lerl. Then [ XdY is also an L}, .(P)-martingale.

loc

Proof. W.lo.g. we assume that Y is in fact an L?*(P)-martingale with
Yy = 0 and X is bounded ( the general case then follows via appropriate
stopping as in the proofs before ). Let X* € £ be a sequence such that
Xk —2%s x . Wlo.g. this convergence is bounded by a constant ¢, i.e.
|X*| < ¢ for all k. Then ( Exercise 3.1.1 (5) ) [ X*dY is a martingale.

Furthermore we have

—Y5)?

i+1

IE((/O Xkay)?t) = E(ZX%-(YJ,@

< PE((Y4H )P < PR(rP)

ng+1
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where the last two inequalities are implied by Exercise 3.1.2 and
the Jensen inequality. Hence the sequence fot X*dY is bounded in L?(P)
and so is uniformly integrable. Hence by Exercise 1 Sheet 7 we have

t t
E(/ XdY|F,) = lim E(/ XkdY | F,)
0 0

k—o0

= lim [ X*dY

k—o0

0
:/XdY
0

Corollary 3.2.1. If Y is a continuous local martingale and X is adapted

]

and lcrl, then [ XdY is a local martingale.

Proof. In the proof of Proposition 3.1.4 we showed that any continuous

local martingale is an L? (P)-martingale. O

Definition 3.2.3. Let Z, : 0 = 7§ < 71'... < 73! < 00 be a sequence of

random partitions. We say Z, tends to the identity if

1. lim,, sup, ¥ = 00 @.S.
Pk Tk

2. ||Z,]| = supy, |73ty — 7| — 0 a.s. as n — oc.

We say that Z, is refining, if Z, C Z,,,1.

The following Theorem ( without proof ) says that one can compute
the stochastic integral by using random partitions tending to the iden-
tity.

Theorem 3.2.1. Let Y € S and X adapted and lcrl or rcll. Furthermore
let Z, be a sequence of random partitions as in Definition 3.2.3 tending
to the identity. Then

ucp

S X - (YY) P [ X dY .
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3.3 Quadratic Variation of a Semi-martingale

Definition 3.3.1. Let X,Y € S. The quadratic covariation of X and
Y is defined as

(X,Y] = XY—/X_dY—/Y_dX. (3.3)

The quadratic variation of X is defined as

X] = [X,X]=X? —z/X_dX. (3.4)

Clearly [X,Y] depends bilinearly and symmetrically on X and Y.
Furthermore we have the Polarization identity :

X,V] = %([XJrY] —[X]-[Y]). (3.5

The following proposition justifies the name “quadratic covariation®.

Proposition 3.3.1. Let X,Y € S. Then the process [X,Y] is adapted
and of finite variation on compacts. If X =Y then [X] is increasing a.s.
Furthermore for any refining sequence of partitions Z,, : 0 = 73 < ... <
7. < oo tending to the identity we have

ucp

Xg + Zi(XTZ"+1 _ XTf)(YTZLH — YTz'n) - [X, Y] . 3.7

Proof. W.l.o.g. we assume X, = 0 and X =Y ( the general case follows
from the polarization identity ). We have

(X2)T’?" = Z;ﬁial(XQ)er _ (X2)Ti" %Xg ) (3.8)
We know from Theorem 3.2.1 that
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ucp

> Xon (XT — X)) —= [ X_dY 3.9
Substratcting 2-times (3.9) from (3.8) under consideration of

(X2)’7’in+1 . (XQ)TZH — (XTZEI—I + XTZn)(XTﬁFI o X’Tzn)

we get
(X — X2 T X2 2 [ X dY = [X].

In the sum above, any summand is positive and the greater the
index ¢ in [X]; the more summands are involved in the sum. Hence it
is clear that the process [X] is increasing a.s. and in particular of finite
variation on compacts. That it is adapted follows immediately from the
definition and the corresponding properties of the stochastic integral.

[

Proposition 3.3.2. Under the assumptions of Proposition 3.3.1 we have
1. [X,Y] = X,Y..
2. A[X,Y] = (AX)(AY).

3. For any stopping time T we have [X",Y]| = [X,Y7] = [X",Y"] =
(X, Y]

Proof. (1.) and (3.) follow directly from the definition and the corre-
sponding properties of the stochastic integral. To show (2.) we can
assume w.l.o.g. that X =Y. From Proposition 3.2.3 (2) we have

A/X_dX = X_AX.

Hence
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(AX)* = (X -Xx.)?
= X?-2XX_ +X?
= X?-X?+2X_(X_-X)
= A(X?) -2X_AX

and

A[X] = A(X?) - QA/X_dX = (AX)2.

]

As an immediate consequence of Definition 3.3.1 we get the follow-

ing proposition :

Proposition 3.3.3. Integration by Parts Formula Let X,Y € S then
X-YeSand

XY = /XdY+/YdX+ X,Y]. (3.10)

We see that the classical Integration by Parts Formula from deter-
ministic analysis is complemented by the quadratic covariation term of
the two semi-martingales.

Definition 3.3.2. For any rcll process X the continuous process X°

given as

Xf=X,— > (AX), (3.11)

0<s<t

is called the continuous part of X.
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Exercise 3.3.1. Under the assumptions of above, show X° is a well

defined continuous stochastic process.

For any X € S we have

(Xl = XL > (AX]),
= [X],— ) (AX)?

0<s<t

= [X]t—Xg - Z (AX)j

0<s<t

Definition 3.3.3. X € S is called pure quadratic jump, if [X]° = 0.
In this case [X]; = X§ + Y., (AX)..

Exercise 3.3.2. Show that any rcll process of finite variation on com-

pacts is pure quadratic jump.

Corollary 3.3.1. Let (W,).c0,c) be a Brownian motion. Then (W) is
of infinite variation on compacts. More generally any continuous semi-
martingale s.t. [X] is not constant a.s. is of infinite variation on com-

pacts.

Proof. If X would be of finite variations on compacts, then by Exercise
3.3.2 and continuity we would have [X] = X2 = const. which would
contradict the assumption. n

We have seen before, that (W], =t and W? — [W], = fot WdW follows

a continuous local martingale.

Exercise 3.3.3. Show by direct computation, that W2 — [W], = W2 —

follows a martingale.
This in fact is no coincidence, as the following proposition shows.

Lemma 3.3.1. Let X be a continuous local martingale, then X* — [X] is

also a continuous local martingale. If [X] = 0 then X = X, is constant.
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Proof. By definition X? — [X] = 2 [ X_dX and from Corollary 3.2.1 it
follows that this is a local martingale. We follow from Proposition 3.2.3
that

A/XdX =X_AX =0.

Hence the local martingale X? — [X] is also continuous. If [X]| = 0
then X? is a non-negative local martingale and hence a super martin-
gale. Let us first assume that X, = 0. Then

E(X7) <E(X3) =0

which shows that X = 0. If X, # 0 then consider X = X — X, and
repeat the argument.
[

Proposition 3.3.4. Let X be a continuous local martingale and o < 7
be stopping times. If [ X| is constant on [0, 7] N [0, 00), then X is too.

Proof. Consider the continuous local martingale X := X™ — X°. Using
Proposition 3.3.2 we have

X] = [X"—X°, X" — X7
= [XT,X]—2 [X°X] +[X%X°]
————
=[X X]7N=[X°]
= [X]"-[X]"=0,

which together with Lemma 3.3.1 implies that X = 0 and hence X
constant on [0, 7] N [0, 00).
[

Proposition 3.3.5. Let XY be L} (P) martingales. Then [X,Y] is the

loc

unique adapted rcll process A of finite variation on compacts, s.t.
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1. XY — Ais a local martingale.
2. AA=AXAY and Ay = X,Y,.

Proof. 1t follows from Proposition 3.3.1 that [X, Y] is of finite variation
on compacts and adapted. Let us now show that [X, Y] indeed satisfies
conditions (1.) and (2.) above. By definition

[X,Y] = XY — /X_dY— /Y_dX,

and it follows from Proposition 3.2.4 that XY — [X, Y] is a local mar-
tingale. Hence condition (1.) is satisfied. It follows from Proposition
3.3.2 that (2) is also satisfied. Now choose A = [X, Y| and suppose B is
another process satisfying the conditions from above. Then the process
A—B= (XY —B)— (XY — A) is a local martingale and

A(A—B)=AA—AB = AXAY — AXAY = 0.

Hence A — B is a continuous local martingale with (A — B)y = A, —

By = 0. Since A — B is of finite variation on compacts it follows from

Exercise 3.3.2 that [A — B] = 0.1t then follows from Lemma 3.3.1 that

A— B = 0, hence A = B, which shows the uniqueness part in the
proposition.

O

The proposition above can be quite useful in determining the pro-
cess [X,Y].

Exercise 3.3.4. Let X be an L*(P)-martingale, then E(X?) = E([X],).

The next two propositions show how to compute the quadratic vari-
ation between two stochastic Integrals. We will omit the proofs. They
can be found in the book [Protter].

Proposition 3.3.6. Let Y,,Y; € S and X, X, be lcrl adapted processes.
Then
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| / X,dvi, / XodY] = / X, Xpd[Y:, Vo)

Proof. [Protter], page 68. ]

Proposition 3.3.7. Let 7 be rcll adapted and X,Y € S. Let Z, : 0 <
7o < ... < 7 be a sequence of random partitions tending to the identity,
then

ucp

Ei ZTJL(XT?H — XT;")(YT?H — Yﬁ'") *>f Z_d[X,Y].

Proof. [Protter], page 69. n

3.4 The Ito Formula

Let f be a sufficiently smooth function, and Y € S be a semi-martingale.
Is f(Y) still a semi-martingale and if, how can we compute f(Y) as in
ordinary calculus, where we have the formula f(y) = [/ f/(x)dz. An el-
ementary example where this question arises is for example the stan-
dard Black-Scholes model, where we have

St — e(bf%o'z)tJraWt .

Is this a semi-martingale ? The Ito formula will completely answer
all those questions. We will state it in a very general form, where it is
also known as the Ito-Wentzel Formula, but only proof the case where
the semi-martingale Y is continuous. This corresponds to the classical
Ito Formula.

Theorem 3.4.1. Ito-Wentzel Formula Let Y € S and [ € C?*(R) then
fY)e Sand
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Proof. We assume Y is continuous, where we have to show that

100 = 500+ [ =y a5 [ pea

let us consider the Taylor-expansion of f at the point x € R. We
have

F) = F(@) + f@)ly =)+ 57 @)y — 2 + Ra,y),

where R(z,y) < r(ly — z|) - (y — x)? for an increasing function r :
R, — R, with lim, o r(u) = 0. W.l.o.g. Y5 = 0 (compose f with a simple
translation ). We fix t > 0 and denote with Z, a refining sequence of
random partitions tending to the identity

We have

V) = f(Yo) = ) (f(¥er,) = f(Yon)

kn—1 kn—1

Y S V) Ve, = Y )+ ) R(Yp, Yo,

=0 =0

Using Theorem 3.2.1 and Proposition 3.3.7 we find that
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S (Yo ) (YVon = Yon) == [ f/(Y)dY
S (Yo ) (Yon | = Yon)2 ==L [* (v )d[Y)

Furthermore we have

kn—1 kn—1
[ D RV Yor)l S supr([Yon, = Yonl) - D, (Yo, — Vo),
i=0 ! i=0

where the second expression on the right side converges in prob-
ability to [Y];. For each fixed w the path s — Y,(w) is continuous
and hence uniformly continuous on the compact interval [0,¢]. Since

lim,, .o sup; |7/, — 7/*| = 0 this implies lim,, .. sup; [V —

hence using the properties of the function r

lim supr([Ysn  —Yn|) = 0.

which implies that | Y R(Y;» Yon )| ——0.

T4
]
There is also a multidimensional version of the Ito-formula. The
proof is just a multidimensional modification of the previous proof, so

we will omit it.

Theorem 3.4.2. Let Y = (Y, ..., Y™) be an n-tuple of semi-martingales
and f € C*(R™,R), then f(Y) € S and




As one can see, the transformation rules can be quite complicated
since in general second order terms are involved. To circumvent this

on can introduce the so called Fisk-Stratonovich-integral.

Definition 3.4.1. Let XY € S. We define the Fisk-Stratonovich-
integral of X with respect to Y as

The Fisk-Stratonovich integral transform simpler than the Ito-integral
as the following proposition shows.

Proposition 3.4.1. Let Y € Sand f € C3(R), then

Exercise 3.4.1. Prove Proposition 3.4.1.

Of course there is also a multidimensional version of Proposition
3.4.1. Let us study two important examples on how the Ito-formula
can be applied. The first one gives a characterization of Brownian mo-
tion, the second one is about the stochastic exponential, which in the
framework of stochastic analysis is what the exponential function is in
standard calculus.

Proposition 3.4.2. Lévy’s characterization of Brownian motion
: Let X = (Xy, Fi)icor) be a stochastic process. Then the following two

statements are equivalent :

1. X is a standard Brownian motion ( on the interval [0,T] )

2. X is a continuous local martingale s.t. [X|, =t Vt € [0,T].

Proof. m
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Definition 3.4.2. Let X € S. The stochastic exponential of X is defined

as the stochastic process

E(X)1 = eap(X, — 31X, X]9) T (1 + AX.)eap(—AX,).

2
0<s<t

Proposition 3.4.3. Let Z € S such that Z > 0 a.s. Then X := [ }-dZ
is well defined and the unique semi-martingale which satisfies 7 = 7 -
E(X).

Proof. We only give a proof for the case when 7 is continuous. We apply
the Ito formula to the function

f:R* - R

(z,y) ~— e 2

which obviously satisfies £(X); = f(X;, [X]:). Hence we get
dE(X) = E(X)dX — SE(X)d[X] + %S(X)d[X]

We also have dX = {Z]dZ which is equivalent to dZ = ZdX. The
Integration by parts formula yields :

A 1

=) = “em) e

dZ +d|Z, ﬁ].

Applying the Ito-formula to ;57 = f(—X, —[X]) yields :
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d(%) = —(E(0) X + () IX] + SE(X) M dIX]
= E(X) N (—dX + d[X]).
N d(%) — £(X)(~ZdX + Zd[X] + dZ, —d[Z.X] = 0.

=ZdX  _z4[x]

hence Z/£(X) = const. and since £(X), = 1 this constant must be
Zy. IfY € §. So we have proven Z = 7, - £(X). If Y € S would
be another semi-martingale which satisfies Z = Z; - £(Y') then by the
same argumentation as for X we have

1 1
dY = ——dE(Y) = =dZ =dX
EY) (¥) Z
which shows X =Y. Hence X is uniquely determined by this prop-
erty.

]

Remark 3.4.1. An immediate consequence of Proposition 3.4.3 is that
for any X € S we have d€(X) = E(X)_dX.

3.5 The Girsanov Theorem

Assume you have been given two equivalent measures P ~ Q and a
semi-martingale X = M + A decomposed into a local martingale ( un-
der P ) part and a process A which has finite variation on compacts. In
general M is no local martingale under Q. Nevertheless the Girsanov
theorem says, there is a decomposition of X = N + C into a local mar-
tingale (under Q ) part and a process C' of finite variation on compacts
and it tells you precisely how to compute NV and C. We will see that this
theorem is the main tool in the computation of equivalent martingale

measures for financial markets.
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Theorem 3.5.1. ( Girsanov ) Let P = Q equivalent probability mea-
sures and let Z, = EP(‘;%]FS) denote the density process. Furthermore
let X = M + A where M is a local martingale under P and A is of finite
variations on compacts. Then the process N defined as

is a local martingale under Q, C := X — N is of finite variation on
compacts and X = N + C.

Before we can proof this, wee need two additional lemmas.

Lemma 3.5.1. If Y € S and X is rcll of finite variation on compacts.
Then

[Xa Y] = XO}/O + Z (AX)S(AY)S

0<s<t

Proof. If Y is continuous for any sequence Z, : 0 = 77 < ... < 77! < 00

of random partitions tending to the identity, we have

SO0 = XY v < sup v - Y7 [ [ax] 0

~~ S———
-0 continuity ! <0

Hence it follows from Proposition 3.3.1 that [ X, Y] = [X, Y] - XY, =
0. In case Y is not continuous we show that [ X, Y] = [X,Y*]. Then we
can conclude from above that [X, Y] = [X, Y*]° = 0. We have

Z(XTin+1 — XT) (YT YO [X, Y] (3.12)

)
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We can assume that between 7 and 77}, X and Y jump at most one
time. Then

DX = Xy — ety = R X - X YT = R (AY),)
i i Tf<s§7’f+1
= Z(X”nﬂ — XY (YT -y

i

- Y @ xS (ar))

%
HZTZL<5§T’ZL+1 (AX)S)

N J/
g

_’20<s§t( X)s(AY)s

T<s<TL g

which shows that the expression on the left side in (3.12) also con-
verges to [ X, Y]° and hence [X, Y] = [X,Y]°.
O

Lemma 3.5.2. Let Q ~ P be two equivalent measures and let 7, = Ep(‘fl%
be the corresponding density process. Then the following two statements
are equivalent :

1. M is a local martingale under Q.

2. M- Zis alocal martingale under P.

Proof. For a localizing sequence 7, of stopping times, we have lim,, 7,, =
0Pa.s. & lim, 7, = 0Qa.s. Hence after stopping we can restrict our-
selves to martingales. Let 0 < s <tand A € F,. Then Vr > s

L/mm:/Mﬂ%@a/Mam
A A d]P) A

Hence we have

AMMZZAMM

@/MtthIP’ = /MSZSdIP’
A A
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which implies

Eo(M|Fs) = My < Ep(M Z4|Fs) = M Zs.

Proof. ( of Theorem 3.5.1) Z,M and by Proposition 3.3.3 also

Z-M—[Z,M]= /ZdM+/MdZ (3.13)
are local martingales under P. It follows from

1 p
— —Eo(|E,
7 = Ea(ZI%)

that Zi is a local martingale under Q. It follows from Lemma 3.5.2
and (3.13) that

1 1
M= (2, M] = E(/ Z_dM +/MdZ) (3.14)

is a local martingale under Q. Integration by parts (under Q ) yields

1

Sz = [ azans [izac)+ (2.,

7 7 ’Z]‘

let us define

N = /[Z, M]d(l). (3.15)

We have

1%

1[ZM] — / 1 d[Z, M), + N, +[[Z, M] 1]
Zt ) t — ng ) S t ) 7Zt

— /Zt_d[z, M+ N+ > A(%)s AlZ, M| .

Lemma 3.5.1 O<sst (AZ)s)(AM),

Since the sum of two local martingales is a gain a local martingale
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we get by adding (3.15) and (3.14) a local martingale under Q

Nt M= [ odzML - Fim Y AL82))(AM),

0<s<t

= Mt_/o Zl d[ZuM]s_ Z A(%)S(AZ)S)(AM)S

5= 0<s<t

but this is exactly the process N defined in the Theorem. Further-

more

1 1
Ct - Xt—Nt — At+Mt—Nt - A"—/ Z d[Z, M]S+ Z A(g)s(AZ)S>(AM>S

s 0<s<t

is of finite variation on compacts. This finishes the proof.
L]

Remark 3.5.1. If in the setting of the Girsanov Theorem either the local
martingale part M under P or the density process Z is continuous, then

N=M—1[Z,N]

where Z = [ }dZ satisfies £(Z) = Z.

The Girsanov Theorem tells you, how you can decompose a semi-
martingale in its local martingale part and its finite variation part after
a change of measure. The following proposition shows how to apply the
Girsanov Theorem effectively in the Brownian motion setting. In fact
this proposition is also sometimes called the Girsanov Theorem.

Proposition 3.5.1. Let W be a d-dimensional Brownian motion on
(Q, F,P) with respect to the filtration (F;). Let H be a lcrl adapted d-
dimensional process such that the local martingale £(— [ HAW) is in

fact a martingale, then the process defined by
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is a Brownian motion on |0,T] with respect to the probability mea-
sure Q defined by Q(A) = Ep(14 - Zr) where Zy := E(— [ HAW ).

Proof. W.l.o.g. we assume d = 1. It follows from Remark 3.4.1 that
Az, = Zyd(— [y HdW,) = —ZH,dW,. Clearly % = Z; and since Zr
is a martingale, we also have ]Ep(%%lﬂ) = Z;. Hence we are in the
framework of the Girsanov Theorem and it follows that

t
1
Nt = Wt — / 7d[Z, W]s
0 S

is a continuous local martingale under Q. Furthermore by Proposi-
tion 3.3.6 we have

t t
2, W], = / 2 HL AW, W], = — / Z.H.ds.
0 0

This implies that X; = W, + fg H.,ds = N, is a continuous local mar-
tingale under Q. Since f(f H,ds is of finite variation on compacts we
have [X]; = [W]; =t and the proposition follows from the Lévy charac-
terization of Brownian motion. ]

3.6 The Stochastic Integral for predictable

Processes

In this section we will enlarge the set of integrands. So far we are
able to integrate lcrl processes with respects to semi-martingales. The
space of lcrl processes seem to be large but is still not large enough. In
the economic setting we think of the space of integrands as the space
of trading strategies. We wish that our financial market is complete (
at least the Black-Scholes Versions ). To achieve this, lcrl processes are
unfortunately not enough. In this section we sketch how to extend the
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stochastic integral to predictable processes. We will make use of the
following Theorem which translates the term semi-martingale into the

more familiar terms of local martingales and finite variation processes.

Theorem 3.6.1. Characterization of Semi-martingales Let X be
an adapted rcll process. Then the following things are are equivalent :

1. X ed.
2. X is decomposable ( see Definition 3.1.5 ).

3. Given 3 > 0 there exists a local martingale M such that |6M| <
G a.s. and My = 0, a process A which is of finite variation on
compacts s.t. Ag =0and X; = Xo+ M; x A;.

The decomposition in (3) is in fact unique, if one assumes one extra

condition on the process A which is called naturality.

Definition 3.6.1. For a semi-martingale Y decomposed as in (3) of The-
orem 3.7.1in Y, = Xo+ M, + A, we define

¥ [l = (E((M]a)) > + (E( / A,

where (M) = limy_[M]; and |dAs| is the total variation of A as
defined in Proposition 3.1.1. We define the space

H2 = {Y €S8 :||Y|}e < 0o} I

Definition 3.6.2. The o-algebra

P:=0(X|X:QxI— Rlerl adapted )

is called the predictable o-algebra on ) x I. A process X is called
predictable if it is P/B(R) measurable.
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Clearly any lcrl process is predictable. In the following Definition
we define a metric on the set of all predictable processes. This metric
depends on the semi-martingale Y, which serves as the integrator.

Definition 3.6.3. Let Y € H2 and X, X predictable processes. We define

Ko)d[M],))Y2 + (E( / X, = KA.

0

The integrals in this definition are path-wise Riemann-Stieltjes inte-

grals.

With these definitions we are now able to generalize the stochastic
integral to the case of predictable integrands.

Theorem 3.6.2. Let Y ¢ H? and X a predictable process with paths
that are bounded on compact intervals. Then there exists a sequence X"

of lerl processes such that X" LN X and lim,_.., X"dY exists in H>.
We define [ XdY as this limit.

The following is called the Ito-isometry.

Proposition 3.6.1. Let Y € H? a local martingale and X a predictable

process with paths that are bounded on compact intervals. Then

E(( / T Xavy) = | OOOXdYHHz — E( OOO X2d[Y],).

Proof. After stopping we can assume that [ XdY is a martingale. It
then follows from Exercise .. that

IE((/OOOXdY)Q) = E(lim[/XdY]t)



O
Taking Y = W a Brownian motion we get the following Corollary :

Corollary 3.6.1. E(( [, X,dW,)?) = E( [, X2ds).

3.7 The Martingale Representation Theo-

rem

In this section we present and prove the martingale representation the-
orem, which has many application, but for us its relation to the ques-
tion of completeness of financial markets is most important. We will

study this relation in the next chapter.

Theorem 3.7.1. Let W be a n-dimensional Brownian motion and (F;) =
(]_-"i) be the augmented, right continuous Brownian Filtration. Further-
more let Y be a m-dimensional rcll local martingale with respect to the
filtration (F;). Then there exists a predictable (m x n)-matrix valued

process X such that
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Chapter 4

Explicit Financial Market
Models

In this chapter we give explicit models for financial markets. Of course
we can only present some of the large variety of financial models, but
we try to give at least some example for any class of market model, such
there is generalized Black Scholes, diffusion type stochastic volatility
and markets with jump components. Throughout the whole chapter
the triple (2, 7, P) stands for a complete probability space.

4.1 The generalized Black Scholes Model

This model is a generalization of the model presented in Chapter 1 in
the sense that it does not assume that the trend and the volatility are
given constants, but stochastic processes which are adapted to the un-
derlying filtration. For the underlying filtration we take F;, = ?X the
augmented and right-continuous Brownian filtration which is gener-
ated by a m-dimensional Brownian motion W on (2, 7,P). The price
process X = (X% X' ... X™) which contains only tradeable assets and
is modeled over the finite interval [0, 7] is given as
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t
X = €:L‘p(/ rsds)
0

m

) ‘ t1 n _
Xi = X(’)exp(/ (b’s—EZJ%S)CZS%—ZJ%’SCZWQ,Vie{l,..,n}
0

j=1 j=1

Here (r;), (b;) and (0;) are scalar resp. vector resp. matrix valued
predictable ( with respect to the filtration (F), ) stochastic processes
which are pathwise bounded. We do further assume that there exists a
constant K > 0 such that ||o,z|| > K]||z|| for all x € R™. This property
is often called uniform coercitivity. using the Ito-formula we can write

the price-processes in differential form :

dX) = XPr.dt

dX] = Xj-(bjdt+) o}, dW/) Vie{l, . n}.

=1

Application of the Integration by parts formula on X} = X/ - (X?)!
gives

dxX? = 0

dX] = Xj-((b—r)+) of,dW/) Vie{l, . n}.

i=1

For the set of trading strategies ® we assume the following : ¢ =
(0%, ..., 0") € @ if it is a predictable R"*!-valued stochastic process
process such that

1. fOT |¥|dt < oo and fOT(cpi - X))%dt < oo a.s.
2. Vi(¢) = - Xy = [y S0 pidX] < d(p- X) = ¢ - dX “self-financing*

3. The price-process V;(¢) is bounded from below. “tameness “
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The equivalence in two follows from application of the Integration
by parts formula. We denote the corresponding financial market as

MgenBS = ((Xtaft)tG[O,T}a (I))

and call it the generalized Black-Scholes financial market. Let
us now compute the equivalent martingale measures for this financial
market. Assume that P* € P(M,.,ps) and let Z, := Ep(%vt) denote
the corresponding density process. Clearly Z is a strictly positive mar-
tingale with respect to the Brownian filtration, hence by Theorem 3.7.1
continuous. X° = 1 is a martingale in any case but for X’ for 1 < i < n
to be a local martingale under P*, it follows from the Girsanov theorem
( Theorem 3.5.1 and Remark 3.5.1 ) that we must have

X — X0 =M —[Z, M] (4.1)

where X' = X} + M’ + A’ is the decomposition of X into initial
value, local martingale part and finite variation part under the mea-
sure P ( see Theorem 3.6.1 (3)) and Z = [ LdZ. Since Z is also a local
martingale with respect to the Brownian filtration, by Theorem 3.7.1 (
Martingale Representation Theorem ) there must be an m-dimensional
predictable process ¢ such that

dZ:G-dW:ZdeWj. (4.2)

J=1

If we use this form of Z to compute the covariation process in (4.1)

we get

dlZ, M), = X} oy,0]dt (4.3)

J=1

which we can use to compute dX’ as
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dX] = X[(D 0yjubldW] = " 0y,0]dt). (4.4)
i=1 i=1

Since the decomposition into initial value, local martingale part and
finite variation part is unique by comparison with the expression for
dX' on the previous page we must have b —r, = — >y sigma; 0] for
1 <4 < n. Using vector notation we can write this as

Ut~0t:£t—bt a.sVt e [O,T]

where r, = (ry,...,7;)" is the vector which has r, in any component.
—————

mX

Such a process is called a state price process or market price of
risk . For any such process we define the corresponding measure P;
via Pj(A) = Ep(14 - Zr) where Zy = £(f 0 - dW) ( here we need that 6,
is pathwise bounded, which follows from the uniform coercitivity of o,
) and the discussion above shows that P; € P(M,.,5s). Hence we have
proven the following theorem :

Theorem 4.1.1. P(M.,.5s) = {P; | 6 is a state price process }.

If 0; does not have full rank, then in general there is no such 6
at all. In this case no equivalent martingale measure exists. It can
be shown that in this case the market is not arbitrage free. If the o,
has full rank, then more then one state processes may exist. In this
case the market is arbitrage free, but their is no unique fair price for a
contingent claim on this market ( of course however if traders fix one
of these prices everything works fine and no one can take advantage ).
The best situation is, if 0, is invertible a.s. for all ¢ € [0, T]. In this case

0, must be o, ' - (r, — b;) and we have :

Theorem 4.1.2. If det(o;) # 0 a.s. for all t € [0,T] then we have

P(Mgenps) = {P; [0 = o7 " - (r; — bo)}
and |P(Mgenps)| = 1.
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In the last case we have a unique equivalent martingale measures
and hence fair prices can only be computed by one formula. For a one
dimensional model where the processes r;, b; and o; are constants and
a European call option this is the price computed in Theorem 2.7.1. Let
us now consider the question, whether arbitrage freeness implies the
existence of martingale measures. In fact we can proof the following
theorem :

Theorem 4.1.3. If M,.,ps is arbitrage free, then P(M e,ps) # 0. Hence
M enps satisfies the Fundamental Law of Asset Pricing ( see def. 2.3.6
).

Proof. Let ¢ € ® be a trading-strategy. Assume there exists A C [0, 7] x
Qs.t (u®P)(A) >0and

ol o =0
' -(b—1) # 0

on A, where r denotes the vector with all entries equal to r. Let us

define a new process v; as

. 1 i
W= ?sgn(goT (b=r))-p'-lafori=1,..,n
t

and Y s.t. ¢ = (¢°, ¢!, ..., ¢y") is self-financing and V;(v)) = 0 ( this is
always possible ). Here sgn denotes the sign function, which is 1, if the
argument is greater or equal than zero and —1 else. We have
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AViw) = > vidk,

= Z VIXH((b) = r)dt + > 03 dW7)

j=1
N S o ,
= 14 ngn S(b—1)) .LPZ?XZ((b;—rt)dt+20i]~7tdWi’)
t j=1
= 1a-|of - (by —1,)|at + 14 -sgn(ef - (b —1,)) Z ngt ij) AW
j=1 =1
=(cT-p);=00n A
= la-lof - (b —1,)ldt.
Clearly V(1)) :f fO Ig- (b—r)|dt >0forall0<t<T

and since (u®P)(A) > 0 and T - (b— f)|dt > (0 on A we have

E(Vr(s) = mé Lo 107 - (b — 1)t

_ / 1 107 (b —r)|d(n @ P) > .
(0,17

This implies P(V;(¢)) > 0) = P(V,(¢)) > 0) > 0 and ¢ is an arbitrage
strategy. By our assumption, the market is arbitrage free, such a trad-
ing strategy cannot exist. Hence any A as chosen on the beginning of
this proof must satisfy (u&P)(A4) = 0 and

ol p=0=¢ L (b—r)as.

Therefore we have (b — r) € (ker(c"))* = im(o) and there exists a

process 0 s.t.

c-0=b—r1r

( the argumentation here is not really precise, one has to show that
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this 6 can be chosen as a adapted ( in fact predictable ) process, this is
very technical ). As is Theorem 4.1.1. we have P*, € P(Menns).
0

Let us now consider the question of completeness. We assume that
det(o) # 0 a.s. for all ¢t € [0,7], hence n = m and there exists a unique
equivalent martingale measure P* = P; and by Proposition 3.5.1

t
Wi =W, — / 0.ds
0
is a Brownian motion under P*. We also have
dXtZ = XZ Z O'Z'jﬂgthj*.
j=1

Let us consider a contingent claim g. We assume that

Ep(e_foT”dt - g) < o0. (4.5)

The last condition is equivalent to Ep- (¢~ Jo Tt g) < oo by the explicit
form of P*. We consider the martingale ( with respect to the Brownian
filtration )

G = Epu (e~ Jo et g 7). (4.6)

It follows from Theorem 3.7.1 that there exists a predictable R" val-
ued stochastic process H such that

g:/H-dW. 4.7)

We define the matrix valued process ¢ as

Gijs = Xioijs, 1 <i,j <n. (4.8)

Clearly det(d,) = (][]}, X7) - det(
sigmas) # 0 a.s. for all ¢t € [0, T]. We define ¢, = (¢!, ..., ¢") by
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gpS::HS-Er_1 o gos ZH’“am,l<z<n 4.9)
k=1

Then we have

ng’dXZ = Z(,DSZXZO'ZJSdWJ*

0'1] s

= ZZHk Z&,;ls(}m ) AW
h\,_/

7=1 k=1

=0k;

= Zn: HIdW! = dg,.

i=1

we define ) := g, — > 7, ¢/ X7. We show that ¢ = (¢°, !, ..., 0")is a
self-financing trading-strategy. We have

Vi(e) = Xy = (gt_ZSOgXD : 1"‘2%0{)21{ = Ot
j=1 j=1

which then implies

dV,(p) = dg, = ng;dXZ = pdX,.

dX,? =0

Hence ¢ is self-financing. Last but not least we have

Vilp) = V() - X9 = gr - elo "t = Bpu (g - e~ o | Fp) - el idt = g,
Since ¢ also satisfies conditions (1) and (3) on page 74 we have a

found a hedge ¢ € ® for the contingent-claim ¢. hence we have proven
the following theorem :
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Theorem 4.1.4. If in the generalized Black-Scholes financial market
model det(o,) # 0 a.s. for all t € 0,7, then this model is complete in the
sense that any contingent claim g which satisfies Ep-(e~ Jo redt g) <
can be hedged by a trading strategy ¢ € ®.

Corollary 4.1.1. If |P(Menps)| = 1 then Me,ps is complete in the
sense above.

The inverse implication is left as an exercise.

Exercise 4.1.1. Show if M.,5s is complete, then |P(Menps)| = 1.
The following theorem summarizes the results :

Theorem 4.1.5. The following two statements are equivalent :
1. |[P(Mgyenps)| =1

2. Mgenps is complete.

4.2 A simple stochastic Volatility Model

Let us assume that on (2, 7, P) there exists a 1-dimensional Brownian
motion (W;) and an independent process (o;) given by

2 0<t<rT with probability 1
o:=4 1 7<t<T withprobability 1/2
3 7<t<T withprobability 1/2

where 7 : 0 — [0, 7] is a stopping time and F; := o(W,, 0|0 < 5 <1),.
Because of the independence of W and o (W) is also a Brownian motion
with respect to F; ( check Definition 1.3.1 ). Define

Xf = 1

t 1 t
X} o= X;- exp(/ osdWy — 5/ olds) = 5(/ odW);.
0 0
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we consider these as tradeable assets ( Bond and Stock ) and the
volatility o; as nontradeable asset. The trading-strategies are defined
via the same conditions as in section 4.1. We can think of this market
as a standard Black-Scholes market where at random time 7 the mar-
ket conditions change ( either the market gets more volatile or it calms
down ). However, since the numeraire is chosen to be 1 we have X = X
and since by Remark 3.4.1 P € P(M). On the other side, assume we
have a measure P* such that

Fv = Prw
P*(or=1) = p
P*(or=3) = 1—p
for any 0 < p < 1 then P* ~ P and P* € P(M) ( ([ 0dW) remains a

martingale under P*. It is not hard to show, that the value p determines

the martingale measure uniquely and hence that

P(M)=(0,1)

where the right hand side denotes the open interval. Since martin-
gale measures exist, the market above is arbitrage free. Is it complete
? For this, let us consider the contingent claim g = o7. Since (0;) is also
a martingale with respect to P ( easy exercise ! ) we have

Oy = E(9|-7'—t>

Assume now that g could be hedged, i.e. there would exist p € ®
such that o X7 = o7. Since ¢ must be self-financing we have ¢; X; =
fot vsdX, and this is a martingale under P. Hence

v Xy = E(prXr|F1) = E(g|F1) = o1

Since A([ odWy)s = 0,(AW), = 0 we have that (X;) is continuous.
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Hence A(p:X;) = A([ ¢sdXs)s = ¢s(AX)s = 0 and ¢, X; = o, is contin-
uous with respect to t. This is a contradiction, since o, jumps at time
7. Hence such a trading strategy ¢ can not exist and M is not com-
plete. From a rational point of view, the non-completeness is caused by
the extra randomness induced by the volatility and the fact, that this
randomness cannot be traded. The same situation occurs in the more

elaborate stochastic volatility models in the next section.

Exercise 4.2.1. Study how the different values of p determine different

values for the fair price of a European call option.

4.3 Stochastic Volatility Model

let us assume that on the complete probability space (2, 7, P) there is
given a 2-dimensional Brownian motion W, = (W}, W?) and that F;, =
FV is the Brownian filtration. Consider a market model consisting of

Bond ( Bank account) : B,
Stock : S,
Volatility : o

where the Bond and the Stock is tradeable, but the volatility is not.
For the trading strategies we assume the same conditions as in section
4.1. To make this model more precise, we assume

B, = exp(rt)

t 1 t t
S, = S- exp(/ (b — §af)dt + a'/ odWi +a- a/ o dW?)
0 0 0
and o, is predictable and satisfies
df (o;) = B(oy)dt + a(o,)dW? | o = const. (4.10)
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where f : R — R is a strictly increasing, two times differentiable
function and «, ( are at least continuous functions ( we will later also
make assumptions on « and (). If (4.10) has a solution ( a process o;
which satisfies (4.10) ) then we get o; simply by o; = f~!(f(0;)). No-
tice that we can also write equation (4.10) in terms of do by application
of the Ito-formula. The thing is, that sometimes using such an f the
equation looks much nicer. In most cases f will be either f(z) = x or
f(xz) = 2%. The existence of such a o, in general depends on the func-
tions 3, and f. The following theorem gives us sufficient conditions

for existence.

Theorem 4.3.1. Under the assumptions above, there exists a predictable
process o; which satisfies (4.10) if

1. f(z) = x and «, B are Lipschitz continuous and satisfy the growth

condition
a(z)? + B(x)* < K - (1+2?)

for a constant K > 0.
2. f(x) =22 B(z) = k(v —2?) and a(x) = 0 - x for constants r,v and 0.
In both cases o, is unique up to indistinguishability.

The following is a list of the most famous stochastic volatility mod-

els:

Ydo; = k(v —o;)dt +60dW}? Ornstein-Uhlenbeck model

L)
2.)do, = kodt+ 0o, dW}? geometric BM model

3)do, = o;'(v— ko?)dt + 0dW? simple Heston model
1)

Vdo? = k(v—o})dt+ 0o, dW? Heston model .

Clearly the coefficients of 1.) and 2.) satisfy the assumptions in The-
orem 4.3.1 (1) and (4) corresponds exactly to the second case of Theorem
4.3.1. The theorem cannot be applied to equation 3.) however, since the
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function x — % is not Lipschitz continuous. Nevertheless equation 3.)
can be solved by using the Girsanov theorem. Using the same method
one can compute an explicit solution for 1.). We leave this as an Ex-
ercise. Let us now consider the question of arbitrage freeness of this
market and as always in this case start the quest for equivalent mar-
tingale measures. As in section 4.1 one has to find a 2-dimensional
process (0,) s.t. for Z = [0,dW, = [0LdW} + [ 62dW? we have
S=M—[M,Z

where M denotes the martingale part of S, under P. We have

S, = S,(b— r)dt + Sia'o,dW}! + Siac,dW?

and hence dM,; = S;a’'o,dW} + S;ac,dW?. This implies

dS’t = th — d[M,/edeS]t
= Sid'o,dW} + Sia0,dW? — (S;d 0,0} + Siac?6?)dt.

Uniqueness of the FV part shows

Sy (b—1r) = —(S,d 0,0} + Siac?h?)
which implies that

r—>b

= a0} + ab?.
Ot

Hence we get ( changing from 6 to —6 )
Theorem 4.3.2. In the stochastic volatility models from above, we have

dPy r—b 9
ar /edW)s.t. 2 =} + )

P(M) = {P;]

Under the assumption that we have chosen an equivalent martin-
gale measure for our stochastic volatility model, let us now discuss,
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how to compute fair prices, when there is no closed form solution for
the volatility process. The keywords are approximation and simula-
tion. To solve the stochastic differential equation we first approximate
its solution in the same way as in the case of ordinary differential equa-
tion ( Euler method ) and then simulate the approximated solution and
use the Monte Carlo method to compute an approximation of the fair
price of a contingent claim. The approximation procedure we discuss
here is called the stochastic Euler scheme. This is the easiest approxi-
mation scheme. For more elaborate schemes see [?]. Assume now that

X is given as the solution of

dXt = ﬁ(Xt)dt + OéXtth, XO =S, t e [O,T]

Let us assume that N >> 1 so that A := L << 1. Then

t+A
/ B(Xy)ds ~ [B(X)A
A
/ a(Xe)dW =~ a(Xy) Wia — W)
‘ ~————

~N(0,A)

where the second factor on the right side of the second equation is
a standard normally distributed with expectation zero and variance A

distributed random variable. Hence we get

X(n+1)A ~ XTLA + B(XnA>A + a(XnA)(W(n+1)A - Wn )

We use this relationship to implement a recursive scheme. Define

Xy o= 2
X(%H)A = X+ BXNA+ (X)) Z,
Zn i~ N(0,A)
n = 1,..,N.
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We could now define the process XV piecewise constant. This leads
to a non continuous process. If we want our approximation to be con-
tinuous we can do this with linear interpolation : For ¢ € [iA, (i + 1)A)
we define

. . t—iiA | - N
XY =XK+ T(X(];[—&-I)A - X0).

In any way, this procedure gives us a sequence of stochastic pro-
cesses XV that can easily be simulated on the computer. We would
wish, that if N — oo we have X’ — X in some sense ( a.s., ucp, in
probability for the final value...). The following Theorem tells us more.

Theorem 4.3.3. Under the assumptions of Theorem 4.3.1 we have

N 1
B(Xp - X)) < K/

for some constant K > 0. Therefore X%V 7 Xr. We speak of strong
convergence of order 1/2. Furthermore for each function g : R — R of
polynomial growth rate and only finitely many discontinuities, we have

E(g(Xr)) ~ E(g(X}) < K-

for some other constant K > 0. In this case we speak of weak con-
vergence of order 1.

We do not give a proof of this theorem. Clearly we think of g from
above as a contingent claim. Given a stochastic volatility model on
begins by simulation of the process (0;) which results in a process (7).
This process is then used in a second simulation for the stock price

process :
Y =8N 18 ALY 6l
where 7/ ii.d ~ N (0,A) and independent from the first Z,, used for
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the simulation of (o) ( this corresponds to the case a = 0 ). Then as

above we have :

E(g(Sr)) — E(g(SY)) < K - %

for some constant K > 0 and finally we have

Theorem 4.3.4. Under the assumptions from above :

lim e "TE(g(SY)) — fair price of g.

N—oo

The last step of the simulation is the computation of the expectation
E(g(SY)). This is done by the so called Monte Carlo method, which
relies on the strong law of large numbers. One simulates SY n-times
for n >> 1 and gets realizations S‘F}V " i =1,.,n. By the strong law of

large numbers

1 .
ﬁ : ;WQ(ST )

is a good approximation for the fair price of g. This method can also
be used to price options in the standard Black Scholes model ( which by
the way is a stochastic volatility model with do;, = 0, 0; = o to compute
fair prices for options where there is no closed form solution available.

A good “practical “ exercise is :

Exercise 4.3.1. Check the quality of the Monte Carlo method by apply-
ing it to the standard Black Scholes model and the European call option
and compare the result to the explicit solution of section 2.7.

In general the quality of this method depends very much on the
underlying model and on the smoothness of the pay-out function g.

4.4 'The Poisson Market Model

Let (2, F,P) still denote a complete probability space together with a
filtration (F;) which satisfies the usual conditions.
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Definition 4.4.1. An Z-valued rcll process (N;) is called a Poisson
process with intensity \ if :

1. NO =0
2. N; — N, independent of F,
3. N;—N; ~ P(\-(t—s)) (Poisson distributed with parameter \-(t—s).

One should compare this definition with the definition of Brown-
ian motion.Besides that the Poisson-process is not continuous, only the
third item has been changed, using the Poisson distribution instead of
the normal distribution. We mentioned in section 1.3. that the Brow-
nian motion can be thought of some kind of random-walk with very
small step-sizes and models the movement of a small particle in some
fluid. Let us also give a motivation for the Poisson process. For this let
T; be a sequence of exponentially with parameter A\ distributed random
variables (i.e. P(T; <t) =1— e fort > 0 and 0 else ). We think of T;
as the time passing between two similar random events ( for example
the arrival of a customer at some shop ). The S,, := >""" | T; is the time
when the n-th event happens. We define

N; = maz{n|S, <t}

as the number of events that happen before time ¢. One can show
that (/V;) as defined above is a Poisson process with intensity A. From
this description one can also see, that a Poisson process possesses only
jumps of size 1. The following is an easy but useful exercise :

Exercise 4.4.1. Let (N,) be a Poisson process of intensity \. Show (N, —

At) is a martingale.

It is clear from the definition, that any Poisson process (/V;) is in-
creasing and hence of finite variation on compacts and also pure quadratic
jump ([N]¢ = 0). Let us consider the following market model :

101



B, Bond
X& - - .
Sy Stock

B =1
Sy = So-exp(bNy — ut)

where b, 1 > 0 and (NV;) is a Poisson process with intensity A. For the
set of trading strategies we suppose the same conditions as in section
4.1. We call this market model Mp,;ss0,. As for any market model,
we are interested whether it is arbitrage free or not. To answer this

question we define a process Y as

Yy = (exp(b)1)Ne — put).

This process is also rcll, has finite variation on compacts and there-
fore satisfies [Y]|¢ = 0. We have ( see Def. 3.4.2)

EY) = % J] A+ (AY),) - exp(—(AY),)

0<s<t

= =N et TT eap(b) - (exp(—(exp(b) — 1))
0<s<t
— (O ONG h (N L e (@O

= exp(bN; — pt).

Here we used N, = > _.,(AN), as well as (AY); = (exp(d) —
1)(AN), and hence (AN); # 0 < (AY), # 0. This shows that
St = SeE(Y).

If we can now find a measure P* ~ P under which Y is a local mar-
tingale, then also S is a local martingale under P*. This follows from
proposition 3.4.3. To compute such a P* we need a version of the Gir-
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sanov Theorem for Poisson processes.

Theorem 4.4.1. Let (N;) be a Poisson process with intensity \ under
the measure P and T > 0. Define a new measure P* via
« N
ar = A Te(A’A*)T.
apP X
Then (Ny)ico.1) is a Poisson process on [0,T] under P* with intensity
A,

Proof. [?], page 246. n

Let us now define \* := u/(exp(b) — 1) and define P* with respect
to this \* as in Theorem 4.4.1. Then under P* (}V;) is a Poisson pro-
cess with intensity \*. Hence it follows from Exercise 4.4.1. that
(N¢ — Xt)tepo,r) is a P* martingale. Since Y; = (exp(b) — 1) N, — ut =
(exp(b) — 1)(N; — A*t) it follows that also Y is a martingale under P*
and as mentioned before that X = X is a martingale under P*. Hence
P* € P(Mpoisson) and M pyisson 18 arbitrage free. One can also show
that Mpisson 18 complete. For this one needs some kind of martin-
gale representation theorem for Poisson processes ( we leave this out ).
Also P(Mpyisson) = {P*}. Let us now consider a European call option
g = (St — K)" in Mpy;sson Where K denotes the strike price. For the fair

price we have

The following exercise is very interesting. It should be solved by

experimenting on the computer.

Exercise 4.4.2. In the standard Black /| Scholes model take parameters
So = 10, 0 = 0.4,r = 0.025 and T = 5. Compute the fair price of a
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European call with strike price K = 10 with the formula in section 2.7.
What parameters \,b and ;1 should one take to get approximately the
same price for the same option in the Poisson market model. Then look
what happens if you slightly change K.

The “pure “ Poisson market model is not of practical use but good to
demonstrate the general concept. Nevertheless it is sometimes used in
combination with the standard Black-Scholes model.
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Chapter 5

Portfolio Optimization

5.1 Introduction

Consider a financial market M. Up to now we were mainly concerned
in questions like how to characterize arbitrage freeness, completeness
and how to compute fair prices for contingent claims. A different ques-
tion is how to choose a trading strategy that in some sense performs
in an optimal way. Optimality will be defined via a so called utility
function U which may depend on the terminal wealth of the portfolio
but also on possible consumption. It is clearly that a greater terminal
wealth should have a greater utility, but the utility function should also
pay respect to the fact that trading in financial markets bears risks.
Also different traders may use different utility functions correspond-
ing to their individual attitude towards risk. However there are some

quite general rules :

1. more money is always better ( has a greater utility ) = U is mono-

tonically increasing

2. if your wealth is 1000 Euro your individual increase in utility from
gaining another 1000 Euro is much bigger than if your wealth
would be 1000000 Euro ( change in utility can be understood as
what effect has the gain on your life ) = U’(x) is monotonically
decreasing
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3. if your wealth is infinite ( means you already have everything )
you utility can no longer increase = lim, .., U’(z) = 0 and vice
versa, if your wealth is zero ( you have nothing ) then your life is
changed dramatically, by any gain = lim, .., U'(x) =0

In this section we do only consider the generalized Black-Scholes
model from section 4.1 in the case where det(o,) # 0. This is the situ-
ation where we have a complete financial market and a unique equiv-
alent martingale measure and do not have to worry which equivalent
martingale measure we use. In contrast to what we have done before
though, we now also allow the trader to consume some oft he money he
has in the market. Mathematically precise :

Definition 5.1.1. A consumption strategy is a non-negative predictable,

real valued stochastic process (c;).cio.1] 8.t

T
/ cdt < oo Pa.s..
0

Remark 5.1.1. (¢;) models the consumption-rate, fOT cidt the money the
trader takes from the market for consumption over the time interval
[0, t].

We do now consider pairs (p,c) consisting of a trading strategy ¢
which satisfy the conditions 1.) and 2.) in section 4.1 ( page 74 ) and a
consumption strategy ¢ where condition 3.) in section 4.1. is replaced
by the following self-financing condition :

d‘/;(QO) = Pt - dXt — Ctdt.

Since consumption takes place over the whole time interval [0, 7] we
must allow a utility function also to depend on a time parameter.

Definition 5.1.2. 1. U : (0,00) — R is called a utility function if it
is strictly concave, C' and U’'(0) := lim, o U'(z) = oo as well as
U'(00) :=lim, .o, U'(x) = 0.
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2. IfU : [0,T] x oo — R also depends continuously on time and vt
Ul(t,-) is a utility function in the sense of 1.) then U is also called a
utility function.

It is easy to check that the following functions are utility functions.
1. U(z) = In(x)

2. Uz) = /(2)

3. U(x) =z%for 0 < al

4. U(t,x) = e PUy(zx) for p > 0 and U, as in Definition 5.1.2.

Definition 5.1.3. For a self-financing pair (p, ¢) consisting of a trading
strategy ¢ and a consumption strategy s.t Vo(¢) = x as well as utility
functions Uy : [0,T] x (0,00) — R and Uy : (0,00) — R we define the
expected utility as

J(z,0,¢) = E( / UL(t, e)dt + Un(Vir(2)).

We allow the expression in Definition 5.1.3. to be infinite ( there is
nothing to complain about infinite utility ) but for technical reasons we
assume that the negative utility has finite expectation, i.e.

MA[MU@dH%MW@)»<m

The aim of Portfolio Optimization is then to compute

max J(z,p,c
(p0)€A! () (@.0,0)

A(z) = {(y, ¢) self-financing pair V;(p) = z,

mlzumywkuwwr»<m}

(¢*, ") such that the maximum is attained
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This problem is also called the continuous portfolio problem. In
the following two sections we will discuss two methods to solve this
problem. The first one is called the martingale method the second
one the stochastic control approach. The first method only works
in the the case the market is complete ( which is the case here ), the
second one is from the mathematical point of view more sophisticated
but has the advantage that it also works in the non-complete case. This
method can easily be adapted to the case where the underlying finan-
cial market is not a generalized Black-Scholes market.

5.2 The Martingale Method

The main idea behind this method is to decompose the continuous port-
folio problem into two subproblems, where the first one is a static op-
timization problem, and the second one a representation problem. The
existence of a solution of the second problem is guaranteed by the com-
pleteness oft he generalized Black-Scholes model which itselfis implied
by the martingale representation theorem. From this the method got
its name. Let us first assume that ¢ = 0 and U; = 0.

Problem 1:G(z) := {g>0Fr mb |[Ep:(e” I ) =,
Ep((U2(g9)”) < oo}

compute G* := max E(Us(g)).
9€G(z)

Problem 2 : compute (¢,0) € A'(z)s.t.Vy(p) = G*.

Before we discuss the solution of Problem 1 let us take a look at the
well known Lagrange multiplier method, which helps us, to com-
pute extremal points of a function under some subsidiary condition.

Assume f : R” — R is strictly concave and g : R® — R” is convex, then
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r* = max{f(z)|lxr € R" g(x) = 0}

s AN = (., A*) c R*

s.t. 8% ZAJ@ Gx)=0i=1,...n

g=1(g' ,---,gk) and g(z*) =0

< (2%, \") is a zero of VL where
L(z,\) = f(z) — AT g(x) is the Lagrange-function

For the application of the Lagrange multiplier method in Problem
1, let us define

Setting the partial derivatives equal to zero we get :

5eL@A) = B(Ujlg) ~ AHr) =0
%L(g, A) = E(=(Hr-g—x))=x—E(Hrg)

The second equation says exactly, that and hedging strategy ¢ ofg
satisfies Vy(¢) = z. Since U} : (0,00) — (0,00) is bijective ( strictly
decreasing and surjective ), we can define
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g = (U3)"'(AHr).

Obviously g solves the first equation from above. Substituting this
in the second equation we get

T — EE(HT(UQ)”()\HT))I = 0. (5.1)
=x()
The function y : (0,00) — (0,00) has the following properties :

Lemma 5.2.1. y is continuous and strictly decreasing. Furthermore

x(0) = lim x(A) = oo
x(0) = lim x(A) = 0.

Proof. That y is continuous follows from the continuity of (U;)~! and
the theorem about dominated convergence. Since Hr is strictly positive
and (U,;)~! is strictly decreasing, x()) is also strictly decreasing. Since
(U5)~! shares the behavior for A — 0 respectively A — oo with (U}) so
does x(A). O

Hence x() is invertible and we can define

Y (u) = x"*(u). (5.2)

Using this notation we see that (5.1) is equivalent to

X(\) =z A=x"(z) =Y(2)

as well as

g=(U3)"'(Y(x)Hr).

Then the pair (g, Y (z)) is a zero of VL and g is a solution of problem
1. Is it ? Even though the argument above seems to be convincing,
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g actually stands for a random variable and (% is not defined. Also
it is not clear at all,if the Lagrange multiplier methods works in this
context. The computations above are just formal computations which
lead us to the right solution. We will later see and proof, that g is indeed
the solution of problem 1. From now on we also consider the case ¢ # 0.
We define

Ly) = (U) ()
Ly) = (U) '(ty)

T
x(y) = E(/ H I (t,yH,)dt + HrIy(yHr)).
0
A slight modification of the proof of lemma 1 shows that y above has

the same properties as y in lemma 1. We will later need the following
lemma.

Lemma 5.2.2. Let U be a utility function and I := (U')~'. Then

Ull(y) >U(x)+y(I(y) —z), VO<y <z < oo.

Proof. Since U is concave we have

U(I(y)) 2 U(z) + U'(I(y)){(y) — x)) = U(z) + y(I(y) — ).

Let us now present the main theorem of this section.

Theorem 5.2.1. Let = > 0 and x(y) < o for all y > 0. Then

9" = L(Y(z)- Hr) is the optimal wealth
¢, = L(t,Y(z)- H;) is the optimal consumption
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and there exists a trading-strategy ¢* s.t. (¢*,c*) € A'(z) and Vi (p*) =

*

g

Proof. For simplicity we assume U; = 0 and hence ¢* = 0. By definition
we have

E(Hrg") = x(Y(z)) = =.

It follows from the completeness of the generalized Black-Scholes
model that there exists ¢* € ¢ s.t. Vy(¢*) = ¢* and V() = z. Further-
more it follows from Lemma 5.2.2 that

Ua(g*) > Ux(1) + Y (z) - Hr(g" — 1)

and since a > b= a~ < b~ < |b| we have

E(Ux(g")") < E(|U2(1)] +Y(x)- Hr(g" + 1))
= |U2<1)| + Y(:E)(E(HTQ*) +E(HT . 1))
\T/
= |Us(1)| + Y (@) (z + Epe (e~ Jo ™9%)) < 0
—_———

<o

which shows that (¢*,0) € A'(x). That the expectation under the
risk neutral measure P* is finite follows from the uniform boundedness
of the interest-rate process r;, which was an assumption in the gener-
alized Black-Scholes model. Let us now show the optimality of (¢*,0).
We assume that (¢,0) € A’(x) is arbitrary. Then from Lemma 5.2.2 we
deduce that

Ua(g™) = Ua(Vr(p)) + Y (z)Hr - (§° — V().

Building expectations on both sides we get
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EU2(9") = j(z,9,0) +Y(2) - E(Hr(g" = Vr(p))
= J(2,0,0)+Y(2) - (2 — Ep- (Vi (9))
———

=T

= J(z,,0)

where we have used that under the risk neutral measure P* the
discounted value process Vi (y)) is a martingale. Hence .J(z,p*,0) >
J(z,p,0) and the theorem is proven. ]

For computations it is sometimes advantageous to consider the so
called portfolio process.

Definition 5.2.1. Let (i, ¢) be a self-financing pair consisting of a trading-
strategy ¢ and a consumption process cs.t. Vi(p) > 0a.s. forallt € [0,T].
Define

= (m), .., 7))Vt € [0,T]
i wiX;

Ty o= :
' Vi)

The portfolio-process describes how much relative to the total wealth
the trader invests into each asset. Clearly we have

n

l-nl 1 = 1-) 22
=1

- Vi(p)
_ Vile) =YL e
V()
_ Xy
Vi(p)

which shows that 7; also carries information about the 0—th asset.
Assume now that (¢, ¢) is a self-financing pair. Then
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dVi(p) = Y eidX| — cdt
=1
= o0 XPrdt + Y QIX(Bidt + Y 03 dWY) — cydt
i=1 j=1
= (L—n - DVi(p)rdt + Y Vi(p)m : t'(bjdt + Y _ 030dWY) — cydt
i=1 Jj=1

= (1 =7 DVi()rdt + Vi(o)r] bidt + Vi(o)m! oodW, — c,dt.

Reordering terms, we get the so called Wealth equation ( short
notation WE )

AV, = [rVi — e]dt + Vim, (b — 1,)dt + o, dW,)
W = =z

It is clear how to compute the portfolio process, given the trading-
and consumption strategy. It is not so so clear how one gets the trading
strategy back given the portfolio process. The following proposition
says that the two concepts “trading strategies “ and “portfolio processes

“ are mainly equivalent.

Proposition 5.2.1. Given any predictable process T s.t. fOT ||| |2dt < o0
P a.s. and consumption process (c;) then WE has a solution V which
itself determines a trading strategy ¢ s.t. Vi(¢) = V and (¢, ¢) is self-
financing. On the other side, given any self-financing pair, the wealth
process V =V (p) is a solution of W E for the associated portfolio process
mand x = Vy(p).

Proof. The second part is clear, the first part also, if we know that (WE)
has a solution at all. That this is indeed the case under the assump-
tions made, follows from some theorem about the existence of solutions
of linear stochastic differential equations ( [?], page 62 ). ]
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Definition 5.2.2. Given a process m and a consumption process c as in
proposition 5.2.1, the solution V of (WE) is denoted by V,(m,c) and is
called the wealth process corresponding to the portfolio-process © and
the consumption process c.

To the pair (7, ¢) corresponds according to Proposition 5.2.1 a trad-
ing strategy . Clearly we have V;(¢) = V(7 c). Note here that given
the trading strategy, it is not necessary for the computation of the
wealth process also to know the consumption process. In the forth
coming we will switch back and forth between either of the two point

of views. The continuous portfolio problem is equivalent to
max J(z,7,c)
(m,c)e A (z)

by Vr(p) — Vp(m, c) and hence can be formulated completely without
using trading strategies. Let us now consider the following example :

As utility functions we take U;(¢,2) = 0 ( hence ¢ = 0) and Uy (z) =
Im(z). We have

Ua) = -
= he) = (U a)=-
() = E(H——)="
x\y) = Ty-HT _y
=Y(x) = i

Hence by Theorem 5.2.1 the optimal terminal wealth is

x
T
It follows from the integration by parts formula ( Proposition 3.3.3)

that
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dH, = d(e Jor-dsg(~ / 0dW),)
= _Htet . th — Htrtdt

where 0, = o, (b, — R,) denotes the market price of risk. Using the
wealth equation and Proposition 3.3.6 we can compute

d[V(gD*>,H]t = _Ht‘/t((,p*)ﬂ'tTO'tetdt
= —HVi(e")m (b — 1)dt.

Another application of the Integration by parts formula leads to the
following computation :

V() = HdVi(o) + Vil@)dH, + d[Vi(i, H],
= H,(r,Vy(¢*dt + Vir] ((by — r,)dt + o, dW,)
— V(o) (H Ot opd W Hyrydt)
= d[V(¢"), H];
= HVi(p") (7 or— 07 )dW,.

Using the assumption in section 4.1 on o, and ¢ one can easily
show, that the last expression is not only a local martingale but a mar-
tingale under P.Therefore we have that

HVi(0*) = E(HrVr(¢")|F)
= E(z|F)

= X.

In particular the process (H,V;(¢*) is deterministic which implies
that
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T oy — 0" =0.

The last equation is equivalent to

T = (0:)_1015

which has to be valid for all ¢ € [0,¢]. This strategy is the portfolio
process of the optimal trading strategy. For the standard Black-Scholes
model where b, r and ¢ are constant one gets

_b—r

Ty =

o2

which is constant in time. Note that since the prices of the assets
change over time, this doesn’t mean that the optimal trading strategy
is also constant. In fact it is highly non constant and the trader has to
rearrange his portfolio at any time. Unfortunately there is no general
method to find the optimal portfolio. Under some assumptions there
are methods from Malliavin Calculus ( Clark-Ocone formula ) which
may be used to compute the optimal portfolio process. These methods
won’t be considered in this course. We will discuss a method, which is
more elementary, but needs more assumptions.

Proposition 5.2.2. Let x > 0, x(y) < oo for all y > 0 and g*,c* be
the optimal terminal wealth resp. consumption as in Theorem 5.2.1.
Assume there exists f € C12?([0,T] x R?) s.t. f(0) =z and

1 T
EE(/ HSC:dS + HTg*‘ft) = f(t> tha s} Wtd>
t t

then the optimal portfolio process has the following form

1 Ty—1 1
e V. [, W, ...,W").
Ty Vi(n, o) () f( t )

Proof. Applying the Ito-formula gives :
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1 T * * ! af 1 d
—E( Hscsds—i—HTg |Ft) = f(O) + 8_(S7Ws7""Ws )dS
t

— d
_ +Zam<’ L Whdw,.
i=1 ¢

On the other side it follows from the self-financing condition that (
using the processes H; instead of switching to the equivalent martin-

gale measure, compare Proposition 2.6.1 ) that

It then follows from the uniqueness of the martingale part ( Theo-
rem 3.6.1 ) that
Veft,Wh WM = V(r*, )t o,
which implies that

* 1 Ty\—1 1 n
= — V.ft, W, ..., W™.
Trs ‘/;(71'*,6*)(0-8) ;rf(7 to ) t)
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5.3 The stochastic Control Approach

We consider a complete probability space (2, 7, P) together with a fil-
tration (F).cp,.1,) as well as a stochastic differential equation

dXt == /,L(t, Xt, ut)dt + O'(l‘f7 Xt7 ut)th. (53)

where W, is an m-dimensional Brownian motion and u; a d-dimensional
predictable stochastic process ( called the control ). One should think
of, that one can choose the process u on which the solution X of (5.3)
depends and hereby “control “ X. The main problem of stochastic con-
trol is the following :

Given so called cost functions L and ¢ find «* such that

J(to,z,u*) = min J(ty,x,u) where
u€A(to,z)
J(to, z,u) = E(/ L(s, X"% w)ds + (1, X))
to
A(to,z) = {u predictable stochastic process with values in

U c RYV(5.3) has a unique solution X;°*
st X, =z}

where 7 denotes a stopping time. We will later make more precise
assumptions. Before we discuss how to solve this problem which is
also called the stochastic optimal control problem we study how
it is related to the portfolio optimization problem. Let us consider the
Wealth-equation (WE) as a controlled SDE where the control is given
by u = (u',u?) = (7,c) and

d‘/tu = M(ta ‘/;fu7 ut)dt + O'(t, ‘/;fu7 ut)dwt (54)
where

119



pw(t,zu) = (r4u) (b—r))z—uy
o(t,z,u) = zujo
and the upper index v in V}* indicates the dependence of the solution
on the control u. The portfolio optimization problem corresponds to the

stochastic optimal control problem via

J(t, z,u) = E(/tT Uy (t,ud)dt + Us(Vy(m, c))

where U; and U, are utility functions and minimum is replaced by
maximum. Hence methods for solving the stochastic optimal control
problem can be used to solve the portfolio optimization problem. The
theory on stochastic optimal control is highly developed, though some-
times a bit technical in its application. To make the mathematics pre-

cise we need to make some assumptions and definitions :

Qo = [to,t1) xR"
Qo = l[to,t1] xR®
U C Riclosed
p:QyxU — R"
0:QyxU — R™™
(s - ,u),a(, ,u) € CYQo) Yu
|| H+H H < C
H H H H < C
Hu(tw’ﬂaU)H+H<7(t79€7U)H < O+ ][ 4 []ul])

Furthermore we need the following definitions :
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R"™ or

© = n-dim manifold with C? boundary, embedded in R™
Q = [to,t1) X
Q = [to,t1] x O
T = inf{t > t|(t, X;) € Q}
Ltz u)] < O+ [z* + |[ul]*) and
lW(t,z)] < C(+]z|]|*)on@Q x U fora k € N.

The value function corresponding to the stochastic optimal con-

trol problem is defined as follows :

V(t,z) = inf J(t,z,u)VY(t,x) € Q.

u€A(t,xz)

We denote with a the matrix valued function a := oo " and define for
each u € U an operator A* defined on C'(Q) as follows :

u G
(A"G)(t,x) := Za”t:pua ax]+2mt1’u ,T).

1,7=1 i=1
Then the following theorem holds :

Theorem 5.3.1. ( Hamilton-Jacobi-Bellmann ) : Let G € C?(Q) N
C(Q) st. |G(t,z)] < K(1+ ||z||*) for a constant K > 0 and k € N and

assume G is a solution of

(A) : ilellf](A“G(t,x) + L(t,x,u)) = 0VY(t,x) €@
G(t,z) = (t,x)V(t,x) € 0°Q

where 0*Q = ([to, t1) x 0)U ({t} x O). Then
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1. G(t,z) < J(t,z, (w))V(t,z) € Q and u € A(t, )

2. IfV(t,x) € Q there exists (u}) € A(t,z) s.t.
ul € argmingey(A'G(s, X*) + L(s, X" ,u))Vs € [t, 7]
then

Proof. see [?] page 267. n

The following algorithm shows how to apply this theorem to solve
the stochastic optimal control problem.

1. solve the minimization problem (A) in dependence of the unknown
function G and its derivatives

2. let u} :=u*(s,z,G(s,x), %G(s, x), %G(s, x), %G(s, x))
be the outcome of step 1.), then solve

(A“G(t,x) + L(t,z,u})) = 0V(t,z) €Q
G(t,z) = V(tx)

3. check if all assumptions in Theorem 5.3.1 are satisfied

Let us use this algorithm to solve the following portfolio optimiza-
tion problem in the Black-Scholes market model ( for simplicity we as-
sume constant deterministic coefficients ) with utility functions

where 5 > 0 and v € (0,1) are constants. The HJB-equation for
V(t,x) == SuPyecaq,q) /(¢ 7, u) has the form
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1 0?
0 = max —ulTooTuta? ==V (t,
ule[al,az}d,UQG[O,oo){Q 6$2 ( )

+ ((r+u'"(b—1))z - uz)%‘/(t, z) + Uy (t,u?) + %V(t, z)}
V(T,z) = Us(x)

for given 0 < a; < ay < oo. In the first step we compute the mini-
mum in (A) with L = —U;, ¥ = —U, ( for the transition of minima to
maxima ). For this we build the partial derivatives with respect to u;
and u, and setting them equal to zero gives :

DV (t,x)
r Ty—1 bh— oz ’ .
uy (oo’ ) ( Z)—x'%v(tw (5.5)
u? = (- gV(t,x)’v%l. (5.6)

ox

In the second step we have to solve the partial differential equation
for V(t,x) :

I VR P NP (zV(t2))? 0
0 = 2(b r) (co' ) (b—r) g;QV(t,x) +r-x 8xV(t,x)
0 ol Bt 1—’}/ 0
+ £V<t7$)7 eyl T + EV(t, x)

To solve the last equation we make the following separation ap-
proach :

Vita) = )20
f(T) = 1 (terminal condition) .

Substituting this in the previous equation we get
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8
Let us define
G o= D) (00T b —r)—— 47
b 2" -1
1—v bt
as(t) = ev-1,
2(1) -

Using this, we get the following ordinary differential equation for f

F1t) = —ar- f(t) —asf ()7
f(I) = 1

The ODE above is still nonlinear. With the substitution ¢(t) =
(f (t))ﬁ however we get the following linear ODE

A1 (7_p) L=y asbp emhya (g
vy S —— vy — e ~y ) cel—y .

We get the function f as f(t) = (g(t))'™7. Substituting this in (5.5)
respectively in (5.6) we get for the optimal portfolio respectively the

optimal consumption process
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1
R A O

o = (P f()TT - Vi(n, ch).

The term V;(7*,¢*) is the value process corresponding to the pair
(7*,c*). The definition is not recursive as it looks like, since substitut-
ing (7, ¢*) as above in (WE) determines a wealth process uniquely. The
third step is now to check, that all the assumption for a application of
the HJB theorem are satisfied. This is a very good exercise.
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